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Chapter 1

Introduction

This manual contains outline answers to the end-of-chapter exercises in Microe-
conomics: Principles and Analysis by Frank Cowell (Oxford University Press,
second edition 2018). For convenience the (slightly edited) versions of the ques-
tions are reproduced here as well. Almost every question begins on a new page
so that instructors can print o� individual problems and outline answers for
classroom use.

Some of the exercises are based on key contributions to the literature. For
the bibliographic references consult the original question in the printed text.
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Chapter 2

The Firm

Exercise 2.1 Suppose that a unit of output q can be produced by any of the
following combinations of inputs

z1 =

[
0.2
0.5

]
, z2 =

[
0.3
0.2

]
, z3 =

[
0.5
0.1

]
1. Construct the isoquant for q = 1.

2. Assuming constant returns to scale, construct the isoquant for q = 2.

3. If the technique z4 = [0.25, 0.5] were also available would it be included in
the isoquant for q = 1?

Outline Answer

1. See Figure 2.1 for the simplest case. However, if other basic techniques
are also available then an isoquant such as that in Figure 2.2 is consistent
with the data in the question.

Figure 2.1: Isoquant-Simple Case

3
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Figure 2.2: Isoquant-Alternative Case

Figure 2.3: Isoquants under CRTS

Cowell: Microeconomics/2e (OUP) 4
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2. See Figure 2.3. Draw the rays through the origin that pass through each
of the corners of the isoquant for q = 1. Each corner of the isoquant for
q = 2. lies twice as far out along the ray as the corner for the case q = 1.

3. Clearly z4 should not be included in the isoquant since z4 requires strictly
more of either input to produce one unit of output than does z2 so that it
cannot be e�cient. This is true whatever the exact shape of the isoquant
in � see Figures 2.1 and 2.2

5 Cowell: Microeconomics/2e (OUP)
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Solutions Manual CHAPTER 2. THE FIRM

Exercise 2.2 An innovating �rm produces a single output from two inputs.

1. If the production function is originally given by the single technique

q ≤ min

{
1

3
z1, z2

}
draw the isoquants.

2. The �rm's research department develops a new technique

q ≤ min

{
z1,

1

3
z2

}
.

Assuming that both techniques are now available to the �rm, draw the
isoquants.

3. The �rm's research department now develops a third technique

q ≤ min

{
2

5
z1,

2

5
z2

}
.

Assuming that all three techniques are available to the �rm, draw the iso-
quants.

Outline Answer

Figure 2.4: Input Requirement Set, Single Technique

1. For the case q = 1 see the shaded area in Figure 2.4 where z1 is the point
(3, 1).

2. See the shaded area in Figure 2.5 where z2 is the point (1, 3).

3. The new technique would be represented, for q = 1, by the point z3 =
(2.5, 2.5) in Figure 2.5. But this is ine�cient because one could do better
by using a combination of z1 and z2. The input requirement set remains
the same as in the previous case and z3 lies in its interior. See Figure 2.6.

Cowell: Microeconomics/2e (OUP) 6
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Figure 2.5: Input Requirement Set, Multiple Techniques

Figure 2.6: Isoquants in the case of CRTS.
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Exercise 2.3 A �rm uses two inputs in the production of a single good. The
input requirements per unit of output for a number of alternative techniques are
given by the following table:

Process 1 2 3 4 5 6
Input 1 9 15 7 1 3 4
Input 2 4 2 6 10 9 7

The �rm has exactly 140 units of input 1 and 410 units of input 2 at its disposal.

1. Discuss the concepts of technological and economic e�ciency with refe-
rence to this example.

2. Describe the optimal production plan for the �rm.

3. Would the �rm prefer 10 extra units of input 1 or 20 extra units of input
2?

Outline Answer

1. As illustrated in Figure 2.7 only processes 1,2,4 and 6 are technically
e�cient.

2. Given the resource constraint (see shaded area), the economically e�cient
input combination is a mixture of processes 4 and 6.

Figure 2.7: Economically E�cient Point

3. Note that in the neighbourhood of this e�cient point MRTS=1. So, as
illustrated in the enlarged diagram in Figure 2.8, 20 extra units of input
2 clearly enable more output to be produced than 10 extra units of input
1.

Cowell: Microeconomics/2e (OUP) 8
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Figure 2.8: E�ect of increase in input

9 Cowell: Microeconomics/2e (OUP)
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Exercise 2.4 Consider the following structure of the cost function: C(w, 0) =
0, Cq(w, q) = int(q) where int(x) is the smallest integer greater than or equal to
x. Sketch total, average and marginal cost curves.

Outline Answer

From the question the cost function is given by

C(w, q) = kq − 1

2
k [k − 1] , k − 1 < q ≤ k, k = 1, 2, 3...

so that average cost is

k + k
1− k

2q
, k − 1 < q ≤ k, k = 1, 2, 3...

� see Figure 2.9.

Figure 2.9: Step-wise Marginal Cost

Cowell: Microeconomics/2e (OUP) 10
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Exercise 2.5 Suppose a �rm's production function has the Cobb-Douglas form

q = zα1
1 zα2

2

where z1 and z2 are inputs, q is output and α1, α2 are positive parameters.

1. Draw the isoquants. Do they touch the axes?

2. What is the elasticity of substitution in this case?

3. Using the Lagrangian method �nd the cost-minimising values of the inputs
and the cost function.

4. Under what circumstances will the production function exhibit (a) decrea-
sing (b) constant (c) increasing returns to scale? Explain this using �rst
the production function and then the cost function.

5. Find the conditional demand curve for input 1.

Outline Answer

1. The isoquants are illustrated in Figure 2.10. They do not touch the axes.

Figure 2.10: Isoquants - Cobb Douglas

2. The elasticity of substitution is de�ned as

σij := − ∂ log (zj/zi)

∂ log (φj(z)/φi(z))

which, in the two input case, becomes

σ = −
∂ log

(
z1
z2

)
∂ log

(
φ1(z)
φ2(z)

) (2.1)

11 Cowell: Microeconomics/2e (OUP)
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In case 1 we have φ(z) = zα1
1 zα2

2 and so, by di�erentiation, we �nd:

φ1(z)

φ2(z)
=
α1

α2
/
z1

z2

Taking logarithms we have

log

(
z1

z2

)
= log

(
α1

α2

)
− log

(
φ1(z)

φ2(z)

)
or

u = log

(
α1

α2

)
− v

where u := log (z1/z2) and v := log (φ1/φ2). Di�erentiating u with respect
to v we have

∂u

∂v
= −1. (2.2)

So, using the de�nitions of u and v in equation (2.2) we have

σ = −∂u
∂v

= 1.

3. This is a Cobb-Douglas production function. This will yield a unique inte-
rior solution; the Lagrangian is:

L(z, λ) = w1z1 + w2z2 + λ [q − zα1
1 zα2

2 ] , (2.3)

and the �rst-order conditions are:

∂L(z, λ)

∂z1
= w1 − λα1z

α1−1
1 zα2

2 = 0 , (2.4)

∂L(z, λ)

∂z2
= w2 − λα2z

α1
1 zα2−1

2 = 0 , (2.5)

∂L(z, λ)

∂λ
= q − zα1

1 zα2
2 = 0 . (2.6)

Using these conditions and rearranging we can get an expression for mi-
nimized cost in terms of and q:

w1z1 + w2z2 = λα1z
α1
1 zα2

2 + λα2z
α1
1 zα2

2 = [α1 + α2]λq.

We can then eliminate λ:

w1 − λα1
q
z1

= 0

w2 − λα2
q
z2

= 0

}
which implies

z∗1 = α1

w1
λq

z∗2 = α2

w2
λq

}
. (2.7)

Substituting the values of z∗1 and z∗2 back in the production function we
have [

α1

w1
λq

]α1
[
α2

w2
λq

]α2

= q

Cowell: Microeconomics/2e (OUP) 12
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which implies

λq =

[
q

[
w1

α1

]α1
[
w2

α2

]α2
] 1
α1+α2

(2.8)

So, using (2.7) and (2.8), the corresponding cost function is

C(w, q) = w1z
∗
1 + w2z

∗
2

= [α1 + α2]

[
q

[
w1

α1

]α1
[
w2

α2

]α2
] 1
α1+α2

.

4. Using the production functions we have, for any t > 0:

φ(tz) = [tz1]
α1 [tz2]

α2 = tα1+α2φ(z).

Therefore we have DRTS/CRTS/IRTS according as α1 + α2 S 1. If
we look at average cost as a function of q we �nd that AC is increa-
sing/constant/decreasing in q according as α1 + α2 S 1.

5. Using (2.7) and (2.8) conditional demand functions are

H1(w, q) =

[
q

[
α1w2

α2w1

]α2
] 1
α1+α2

H2(w, q) =

[
q

[
α2w1

α1w2

]α1
] 1
α1+α2

and are smooth with respect to input prices.

13 Cowell: Microeconomics/2e (OUP)
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Exercise 2.6 Suppose a �rm's production function has the Leontief form

q = min

{
z1

α1
,
z2

α2

}
where the notation is the same as in Exercise 2.5.

1. Draw the isoquants.

2. For a given level of output identify the cost-minimising input combina-
tion(s) on the diagram.

3. Hence write down the cost function in this case. Why would the Lagrangian
method of Exercise 2.5 be inappropriate here?

4. What is the conditional input demand curve for input 1?

5. Repeat parts 1-4 for each of the two production functions

q = α1z1 + α2z2

q = α1z
2
1 + α2z

2
2

Explain carefully how the solution to the cost-minimisation problem di�ers
in these two cases.

Figure 2.11: Isoquants - Leontief

Outline Answer

1. The Isoquants are illustrated in Figure 2.11 � the so-called Leontief case,

Cowell: Microeconomics/2e (OUP) 14
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Figure 2.12: Isoquants - Linear

Figure 2.13: Isoquants - Nonconvex to origin

15 Cowell: Microeconomics/2e (OUP)
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2. If all prices are positive, we have a unique cost-minimising solution at A:
to see this, draw any straight line with positive �nite slope through A
and take this as an isocost line; if we considered any other point B on the
isoquant through A then an isocost line through B (same slope as the one
through A) must lie above the one you have just drawn.

3. The coordinates of the corner A are (α1q, α2q) and, given w, this imme-
diately yields the minimised cost.

C(w, q) = w1α1q + w2α2q.

The methods in Exercise 2.5 since the Lagrangian is not di�erentiable at
the corner.

4. Conditional demand is constant if all prices are positive

H1(w, q) = α1q

H2(w, q) = α2q.

5. Given the linear case
q = α1z1 + α2z2

� Isoquants are as in Figure 2.12.

� It is obvious that the solution will be either at the corner (q/α1, 0)
if w1/w2 < α1/α2 or at the corner (0, q/α2) if w1/w2 > α1/α2, or
otherwise anywhere on the isoquant

� This immediately shows us that minimised cost must be.

C(w, q) = qmin

{
w1

α1
,
w2

α2

}
� So conditional demand can be multivalued:

H1(w, q) =



q
α1

if w1

w2
< α1

α2

z∗1 ∈
[
0, qα1

]
if w1

w2
= α1

α2

0 if w1

w2
> α1

α2

H2(w, q) =
q − α1H

1(w, q)

α2

� Case 3 is a test to see if you are awake: the isoquants are not convex
to the origin � see Figure 2.13. An experiment with a straight-edge
to simulate an isocost line will show that it is almost like case 2 � the
solution will be either at the corner (

√
q/α1, 0) if w1/w2 <

√
α1/α2

or at the corner (0,
√
q/α2) if w1/w2 >

√
α1/α2 (but nowhere else).

So the cost function is :

C(w, q) = min

{
w1

√
q

α1
, w2

√
q

α2

}
.

Cowell: Microeconomics/2e (OUP) 16
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The conditional demand function is similar to, but slightly di�erent
from, the previous case:

H1(w, q) =



√
q
α1

if w1

w2
<
√

α1

α2

z∗1 ∈
{

0,
√

q
α1

}
if w1

w2
=
√

α1

α2

0 if w1

w2
>
√

α1

α2

H2(w, q) =

√
q − α1 [H1(w, q)]

2

α2

Note the discontinuity exactly at w1/w2 =
√
α1/α2

17 Cowell: Microeconomics/2e (OUP)
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Exercise 2.7 Assume the production function

φ(z) =
[
α1z

β
1 + α2z

β
2

] 1
β

where zi is the quantity of input i and αi ≥ 0 , −∞ < β ≤ 1 are parameters.
This is an example of the CES (Constant Elasticity of Substitution) production
function.

1. Show that the elasticity of substitution is 1
1−β .

2. Explain what happens to the form of the production function and the elas-
ticity of substitution in each of the following three cases: β → −∞, β → 0,
β → 1.

3. Relate your answer to the answers to Exercises 2.5 and 2.6.

Outline Answer

1. Di�erentiating the production function

φ(z) :=
[
α1z

β
1 + α2z

β
2

] 1
β

it is clear that the marginal product of input i is

φi(z) :=
[
α1z

β
1 + α2z

β
2

] 1
β−1

αiz
β−1
i (2.9)

Therefore the MRTS is

φ1(z)

φ2(z)
=
α1

α2

[
z1

z2

]β−1

(2.10)

which implies

log

(
z1

z2

)
=

1

1− β
log

α1

α2
− 1

1− β
log

(
φ1(z)

φ2(z)

)
.

Therefore

σ = −
∂ log

(
z1
z2

)
∂ log

(
φ1(z)
φ2(z)

) =
1

1− β

2. Clearly β → −∞ yields σ = 0 (φ(z) = min {α1z1, α2z2}), β → 0 yields
σ = 1 (φ(z) = zα1

1 zα2
2 ), β → 1 yields σ =∞ (φ(z) = α1z1 + α2z2).

3. The case β → −∞ corresponds to that in part 1 of Exercise 2.6; β → 0
corresponds to that in Exercise 2.5; β → 1 corresponds to that in part 5
of Exercise 2.6.

Cowell: Microeconomics/2e (OUP) 18

CLICK HERE TO ACCESS THE COMPLETE Solutions

https://testbanks.ac/product/9780192527363-SOLUTIONS-5/


Solutions Manual

Exercise 2.8 For the CES function in Exercise 2.7 �nd H1(w, q), the conditi-
onal demand for good 1, for the case where β 6= 0, 1. Verify that it is decreasing
in w1 and homogeneous of degree 0 in (w1,w2).

Outline Answer

From the minimization of the following Lagrangian

L(z, λ;w, q) :=

m∑
i=1

wizi + λ [q − φ(z)]

we obtain

λ∗α1 [z∗1 ]
β−1

q1−β = w1 (2.11)

λ∗α2 [z∗2 ]
β−1

q1−β = w2 (2.12)

On rearranging:

w1

α1

1

λ∗q1−β = [z∗1 ]
β−1

w2

α2

1

λ∗q1−β = [z∗2 ]
β−1

Using the production function we get

α1

[
w1

α1

1

λ∗q1−β

] β
β−1

+ α2

[
w2

α2

1

λ∗q1−β

] β
β−1

= qβ

Rearranging we �nd

λ∗q1−β =

[
α
− 1
β−1

1 [w1]
β
β−1 + α

− 1
β−1

2 [w2]
β
β−1

] β−1
β

q1−β

Substituting this into (2.11) we get:

w1 = α1 [z∗1 ]
β−1

[
α
− 1
β−1

1 [w1]
β
β−1 + α

− 1
β−1

2 [w2]
β
β−1

] β−1
β

q1−β

Rearranging this we have:

z∗1 =

[
α1 + α2

[
α1

α2

w2

w1

] β
β−1

]−1
β

q

Clearly z∗1 is decreasing in w1 if β < 1. Furthermore, rescaling w1 and w2 by
some positive constant will leave z∗1 unchanged.

19 Cowell: Microeconomics/2e (OUP)
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Figure 2.14: Isoquants Shifted Cobb Douglas

Exercise 2.9 A �rm's production function is given by:

φ (z) =

{
[z1 − a]

b
zb2 if z1 > a, z2 > 0

0 otherwise

where z1, z2 are quantities of two inputs, and a, b ≥ 0 are parameters.

1. Sketch the isoquants for this production function.

2. Find the �rm's cost function. Sketch the average and marginal cost curves.
Does the production function exhibit increasing or decreasing returns to
scale?

3. Find the �rm's conditional demand for the two inputs, given input prices.
How would a decrease in a change these demands?

4. If the �rm is selling in a competitive market �nd the �rm's supply function.
How would a decrease in a a�ect the supply of output?

Outline Answer

1. See Figure 2.14.

2. The problem

minw1z1 + w2z2 subject to q ≤ φ (z) , z1 > a

is equivalent to

minw1z1 + w2z2 subject to
1

b
log q ≤ log (z1 − a) + log (z2) .

The Lagrangian for the transformed problem is

w1z1 + w2z2 + λ

[
1

b
log q − log (z1 − a)− log (z2)

]
.

Cowell: Microeconomics/2e (OUP) 20
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The �rst-order conditions for an interior optimum are

w1 −
λ∗

z∗1 − a
= 0 (2.13)

w2 −
λ∗

z∗2
= 0 (2.14)

log (z∗1 − a) + log (z∗2) =
1

b
log q (2.15)

Substituting from (2.13) and (2.14) into (2.15) we get

log

(
λ∗

w1

)
+ log

(
λ∗

w2

)
=

1

b
log q,

1

b
log q + log (w1w2) = 2 log λ∗,

so that

λ∗ = q
1
2b
√
w1w2. (2.16)

Using (2.13), (2.14) and (2.16) we get

w1z
∗
1 + w2z

∗
2 = w1a+ 2λ∗

= w1a+ 2q
1
2b
√
w1w2. (2.17)

This is the cost function C (w, q). From (2.17) we immediately get average
and marginal cost respectively as

C (w, q)

q
=
w1a

q
+ 2qk

√
w1w2 (2.18)

∂C (w, q)

∂q
=

1

b
qk
√
w1w2 (2.19)

where k := 1
2b − 1. Di�erentiating (2.18) we have

∂

∂q

(
C (w, q)

q

)
= −w1a

q2
+ 2kqk−1√w1w2

Clearly AC must be everywhere falling if k ≤ 0 (b ≥ 0.5); in this case we
can be sure that there is increasing returns to scale; Figure 2.15 illustrates
three possibilities for the values w1 = w2 = a = 1.

3. The conditional demand function is found by di�erentiating the cost function.
So we have

H1 (w, q) =
∂C (w, q)

∂w1
= a+ q

1
2b

√
w2

w1
(2.20)

H2 (w, q) =
∂C (w, q)

∂w2
= q

1
2b

√
w1

w2
(2.21)

If a decreases this reduces the conditional demand for good 1 but not that
for good 2.

21 Cowell: Microeconomics/2e (OUP)
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Figure 2.15: Average Costs and Marginal Costs in three cases
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4. The supply curve for the competitive �rm is determined by two conditions
(a) p =MC if output is positive and (b) p must cover AC. The competitive
�rm will supply a positive amount of output if there is some q such that
MC≥AC which, using (2.18) and (2.19) in this case requires

kqk+1 ≥ 1

2
a

√
w1

w2
. (2.22)

If k > 0 (b < 0.5) then there will be some q su�ciently large such that
condition (2.22) will be satis�ed for q ≥ q. Equating price to MC we have

p =
1

b
qk
√
w1w2

So the supply curve is

q =


[

bp√
w1w2

] 1
k

if q ≥ q
0 otherwise

If a were to decrease then q would decrease but the slope of the supply
curve would remain unchanged in the region q ≥ q.
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Exercise 2.10 For any homothetic production function show that the cost function
must be expressible in the form

C (w, q) = a (w) b (q) .

Figure 2.16: Homothetic Expansion Path

Outline Answer

From the de�nition of homotheticity, the isoquants must look like Figure
2.16; interpreting the tangents as isocost lines it is clear from the �gure that
the expansion paths are rays through the origin. So, if Hi(w, q) is the demand
for input i conditional on output q, the optimal input ratio

Hi(w, q)

Hj(w, q)

must be independent of q and so we must have

Hi(w, q)

Hi (w, q′)
=

Hj(w, q)

Hj (w, q′)

for any q, q′. For this to true it is clear that the ratio Hi(w, q)/Hi (w, q′) must
be independent of w. Setting q′ = 1 we therefore have

H1(w, q)

H1(w, 1)
=
H2(w, q)

H2(w, 1)
= ... =

Hm(w, q)

Hm(w, 1)
= b(q)

and so

Hi(w, q) = b(q)Hi(w, 1).
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Therefore the minimized cost is given by

C(w, q) =

m∑
i=1

wiH
i(w, q)

=

m∑
i=1

wib(q)H
i(w, 1)

= b(q)

m∑
i=1

wiH
i(w, 1)

= a(w)b(q)

where a(w) =
∑m
i=1 wiH

i(w, 1).
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Exercise 2.11 Consider the production function

q =
[
α1z

−1
1 + α2z

−1
2 + α3z

−1
3

]−1

1. Find the long-run cost function and sketch the long-run and short-run
marginal and average cost curves and comment on their form.

2. Suppose input 3 is �xed in the short run. Repeat the analysis for the
short-run case.

3. What is the elasticity of supply in the short and the long run?

Outline Answer

1. In the long run all inputs are freely variable, including input 3. The
production function is clearly homogeneous of degree 1 in all inputs �
i.e. in the long run we have constant returns to scale. But CRTS implies
constant average cost. So

LRMC = LRAC = constant

Their graphs will be an identical straight line.

Figure 2.17: Isoquants- Do not touch the axes

2. In the short run z3 = z̄3 so input 3 represents a �xed cost. We can write
the problem as the following Lagrangian

L̂(z, λ̂) = w1z1 + w2z2 + λ̂
[
q −

[
α1z

−1
1 + α2z

−1
2 + α3z̄

−1
3

]−1
]

; (2.23)

or, using a transformation of the constraint to make the manipulation
easier, we can use the Lagrangian

L(z, λ) = w1z1 + w2z2 + λ
[
α1z

−1
1 + α2z

−1
2 − k

]
(2.24)

where λ is the Lagrange multiplier for the transformed constraint and

k := q−1 − α3z̄
−1
3 . (2.25)

25 Cowell: Microeconomics/2e (OUP)

CLICK HERE TO ACCESS THE COMPLETE Solutions

https://testbanks.ac/product/9780192527363-SOLUTIONS-5/


Solutions Manual CHAPTER 2. THE FIRM

Note that the isoquant is

z2 =
α2

k − α1z
−1
1

.

From the Figure 2.17 it is clear that the isoquants do not touch the axes
and so we will have an interior solution. The �rst-order conditions are

wi − λαiz−2
i = 0, i = 1, 2 (2.26)

which imply

zi =

√
λαi
wi

, i = 1, 2 (2.27)

To �nd the conditional demand function we need to solve for λ. Using the
production function and equations (2.25), (2.27) we get

k =

2∑
j=1

αj

[
λαj
wj

]−1/2

(2.28)

from which we �nd √
λ =

b

k
(2.29)

where
b :=

√
α1w1 +

√
α2w2.

Substituting from (2.29) into (2.27) we get minimised cost as

C̃ (w, q; z̄3) =

2∑
i=1

wiz
∗
i + w3z̄3 (2.30)

=
b2

k
+ w3z̄3 (2.31)

=
qb2

1− α3z̄
−1
3 q

+ w3z̄3. (2.32)

Marginal cost is
b2[

1− α3z̄
−1
3 q

]2 (2.33)

and average cost is
b2

1− α3z̄
−1
3 q

+
w3z̄3

q
. (2.34)

Let q be the value of q for which MC=AC in (2.33) and (2.34) � at the
minimum of AC in Figure 2.18 � and let p be the corresponding minimum
value of AC. Then, using p =MC in (2.33) for p ≥p the short-run supply
curve is given by

q =
z̄3

α3

[
1− b
√
p

]
For p <p the �rm will produce 0 if w3z̄3 represents a �xed cost but not a
�sunk cost� � i.e. if input 3 can just be disposed of and the cost recovered,
should the �rm decide to cease production.
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Figure 2.18: Short run Marginal cost and Average Cost

3. Di�erentiating the last line in the previous formula we get

d ln q

d ln p
=
p

q

dq

dp
=

1

2

1
√
p/b− 1

> 0

Note that the elasticity decreases with b. In the long run the supply curve
coincides with the MC,AC curves and so has in�nite elasticity.
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Exercise 2.12 A competitive �rm's output q is determined by

q = zα1
1 zα2

2 ...zαmm

where zi is its usage of input i and αi > 0 is a parameter i = 1, 2, ...,m. Assume
that in the short run only k of the m inputs are variable.

1. Find the long-run average and marginal cost functions for this �rm. Under
what conditions will marginal cost rise with output?

2. Find the short-run marginal cost function.

3. Find the �rm's short-run elasticity of supply. What would happen to this
elasticity if k were reduced?

Outline Answer
Write the production function in the equivalent form:

log q =

m∑
i=1

αi log zi (2.35)

The isoquant for the case m = 2 would take the form

z2 =
[
qz−α1

1

] 1
α2 (2.36)

which does not touch the axis for �nite (z1, z2).

1. The cost-minimisation problem can be represented as minimising the La-
grangian

m∑
i=1

wizi + λ

[
log q −

m∑
i=1

αi log zi

]
(2.37)

where wi is the given price of input i, and λ is the Lagrange multiplier
for the modi�ed production constraint. Given that the isoquant does not
touch the axis we must have an interior solution: �rst-order conditions are

wi − λαiz−1
i = 0, i = 1, 2, ..,m (2.38)

which imply

zi =
λαi
wi

, i = 1, 2, ..,m (2.39)

Now solve for λ. Using (2.35) and (2.39) we get

zαii =

[
λαi
wi

]αi
, i = 1, 2, ..,m (2.40)

q =

m∏
i=1

zαii =

[
λ

A

]γ m∏
i=1

w−αii (2.41)
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where γ :=
∑m
j=1 αj and A := [

∏m
i=1 α

αi
i ]
−1/γ

are constants, from which
we �nd

λ = A

[
q∏m

i=1 w
−αi
i

]1/γ

= A [qwα1
1 wα2

2 ...wαmm ]
1/γ

. (2.42)

Substituting from (2.42) into (2.39) we get the conditional demand function:

Hi (w, q) = z∗i =
αi
wi
A [qwα1

1 wα2
2 ...wαmm ]

1/γ
(2.43)

and minimised cost is

C (w, q) =

m∑
i=1

wiz
∗
i = γA [qwα1

1 wα2
2 ...wαmm ]

1/γ
(2.44)

= γBq1/γ (2.45)

where B := A [wα1
1 wα2

2 ...wαmm ]
1/γ

. It is clear from (2.45) that cost is
increasing in q and increasing in wi if αi > 0 (it is always nondecreasing
in wi). Di�erentiating (2.45) with respect to q marginal cost is

Cq (w, q) = Bq
1−γ
γ (2.46)

Clearly marginal cost falls/stays constant/rises with q as γ T 1.

2. In the short run inputs 1, ..., k (k ≤ m) remain variable and the remaining
inputs are �xed. In the short-run the production function can be written
as

log q =

k∑
i=1

αi log zi + log θk (2.47)

where

θk := exp

(
m∑

i=k+1

αi log z̄i

)
(2.48)

and z̄i is the arbitrary value at which input i is �xed. The general form
of the Lagrangian (2.37) remains unchanged, but with q replaced by q/θk
and m replaced by k. So the �rst-order conditions and their corollaries
(2.38)-(2.42) are essentially as before, but γ and A are replaced by

γk :=

k∑
j=1

αj (2.49)

and Ak :=
[∏k

i=1 α
αi
i

]−1/γk
. Hence short-run conditional demand is

H̃i (w, q; z̄k+1, ..., z̄m) =
αi
wi
Ak

[
q

θk
wα1

1 wα2
2 ...wαkk

]1/γk

(2.50)
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and minimised cost in the short run is

C̃ (w, q; z̄k+1, ..., z̄m) =

k∑
i=1

wiz
∗
i + ck

= γkAk

[
q

θk
wα1

1 wα2
2 ...wαkk

]1/γk

+ ck (2.51)

= γkBkq
1/γk + ck (2.52)

where

ck :=

m∑
i=k+1

wiz̄i (2.53)

is the �xed-cost component in the short run andBk := Ak [wα1
1 wα2

2 ...wαkk /θk]
1/γk .

Di�erentiating (2.52) we �nd that short-run marginal cost is

C̃q (w, q; z̄k+1, ..., z̄m) = Bkq
1−γk
γk

3. Using the �Marginal cost=price�condition we �nd

Bkq
1−γk
γk = p (2.54)

where p is the price of output so that, rearranging (2.54) the supply
function is

q = S (w, p; z̄k+1, ..., z̄m) =

[
p

Bk

] γk
1−γk

(2.55)

wherever MC≥AC. The elasticity of (2.55) is given by

∂ logS (w, p; z̄k+1, ..., z̄m)

∂ log p
=

γk
1− γk

> 0 (2.56)

It is clear from (2.49) that γk > γk−1 > γk−2... and so the positive supply
elasticity in (2.56) must fall as k falls.
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Figure 2.19: Feasible Set

Exercise 2.13 A �rm produces goods 1 and 2 using goods 3,...,5 as inputs. The
production of one unit of good i (i = 1, 2) requires at least aij units of good j, (
j = 3, 4, 5).

1. Assuming constant returns to scale, how much of resource j will be needed
to produce q1 units of commodity 1?

2. For given values of q3, q4, q5 sketch the set of technologically feasible out-
puts of goods 1 and 2.

Outline Answer

1. To produce q1 units of commodity 1 a1jq1 units of resource j will be
needed.

q1a1i + q2a2i ≤ Ri.

2. The feasibility constraint for resource j is therefore going to be

q1a1j + q2a2j ≤ Rj .

Taking into account all three resources, the feasible set is given as in Figure
2.19
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Exercise 2.14 An agricultural producer raises sheep to produce wool (good 1)
and meat (good 2). There is a choice of four breeds (A, B, C, D) that can be
used to stock the farm; each breed can be considered as a separate input to the
production process. The yield of wool and of meat per 1000 sheep (in arbitrary
units) for each breed is given in Table 2.1.

A B C D

wool 20 65 85 90
meat 70 50 20 10

Table 2.1: Yield per 1000 sheep for breeds A,...,D

1. On a diagram show the production possibilities if the producer stocks ex-
actly 1000 sheep using just one breed from the set {A,B,C,D}.

2. Using this diagram show the production possibilities if the producer's 1000
sheep are a mixture of breeds A and B. Do the same for a mixture of
breeds B and C; and again for a mixture of breeds C and D. Hence draw
the (wool, meat) transformation curve for 1000 sheep. What would be the
transformation curve for 2000 sheep?

3. What is the MRT of meat into wool if a combination of breeds A and B are
used? What is the MRT if a combination of breeds B and C are used?And
if breeds C and D are used?

4. Why will the producer not �nd it necessary to use more than two breeds?

5. A new breed E becomes available that has a (wool, meat) yield per 1000
sheep of (50,50). Explain why the producer would never be interested in
stocking breed E if breeds A,...,D are still available and why the transfor-
mation curve remains una�ected.

6. Another new breed F becomes available that has a (wool, meat) yield per
1000 sheep of (74,46). Explain how this will alter the transformation
curve.

Outline Answer

1. See Figure 2.20.

2. See Figure 2.20.

3. The MRT if A and B are used is
70− 50

20− 65
= −4

9
. If B and C are used it

is going to be
20− 50

85− 65
= −3

2
.

4. In general for m inputs and n outputs if m > n then m − n inputs are
redundant.

5. As we can observe in Figure 2.20, by using breed E the producer cannot
move the frontier (the transformation curve) outwards.
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Figure 2.20: The wool and meat tradeo�

Figure 2.21: New Breed
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6. As we can observe in Figure 2.21 now the technological frontier has moved
outwards: one of the former techniques is no longer on the frontier.
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Chapter 3

The Firm and the Market

Exercise 3.1 (The phenomenon of �natural monopoly�) Consider an industry
in which all the potential member �rms have the same cost function C. Suppose
it is true that for some level of output q and for any nonnegative outputs q, q′ of
two such �rms such that q+ q′ ≤ q the cost function satis�es the �subadditivity�
property

C (w, q + q′) < C (w, q) + C (w, q′) .

1. Show that this implies that for all integers N > 1

C (w, q) < NC
(
w,

q

N

)
, for 0 ≤ q ≤ q

2. What are the implications for the shape of average and marginal cost cur-
ves?

3. May one conclude that a monopoly must be more e�cient in producing
this good?

Outline Answer

1. If q′ = q then
C (w, 2q) < 2C (w, q) .

Hence
C (w, q) + C (w, 2q) < 3C (w, q) .

and so, putting q′ = 2q we have

C (w, 3q) < C (w, q) + C (w, 2q) < 3C (w, q) .

The result then follows by iteration.

2. If there are economies of scale the average cost of production is decreasing
and marginal cost will always be below it. Nevertheless �subadditivity�
does not imply economies of scale and therefore we can also observe a
standard U-shaped average cost curve.

3. It is cheaper to produce in a single plant rather than using two identical
plants. But a monopoly may distort prices.
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Exercise 3.2 A monopolist has costs given by

c0 + c1q + c2q
2

where q is output and c0, c1, c2 are positive parameters. It is known that the
demand in the market served by the monopolist has constant elasticity. Discuss
the monopolist's pro�t-maximising choice of q

1. if market demand is very elastic (elasticity close to −∞);

2. if market demand is very inelastic (elasticity close to 0).

Outline Answer
Given that the elasticity of market demand is given by η we have

d log p (q)

d log q
=

1

η

This integrates to

log p (q) = logA+
1

η
log q

where A is a constant. So the inverse demand function is

p (q) = Aq
1
η

The monopolist's pro�ts are

p (q) q − C (q) = Aq1+ 1
η − c0 − c1q − c2q2

The marginal e�ect on pro�ts of an increase in q is given by

A

[
1 +

1

η

]
q

1
η − c1 − 2c2q (3.1)

The FOC for an interior maximum (if it exists) is where (3.1) is zero.

1. If η → −∞ then the optimum satis�es the rule �P = MC.� and we have a
well-de�ned pro�t-maximising output at

q∗ =
A− c1

2c2

2. But if demand is inelastic, such that −1 < η < 0, we have 1 + 1
η < 0 and

it is clear that (3.1) is everywhere negative. There is no pro�t-maximising
output.
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Exercise 3.3 In a particular industry there are n pro�t-maximising �rms each
producing a single good. The costs for �rm i are

C0 + cqi

where C0 and c are parameters and qi is the output of �rm i. The goods are
not regarded as being exactly identical by the consumers and the inverse demand
function for �rm i is given by

pi =
Aqα−1

i∑n
j=1 q

α
j

where α measures the degree of substitutability of the �rms' products, 0 < α ≤ 1.

1. Assuming that each �rm takes the output of all the other �rms as given,
write down the �rst-order conditions yielding �rm 1's output conditional
on the outputs q2, ..., qn. Hence, using the symmetry of the equilibrium,
show that in equilibrium the optimal output for any �rm is

q∗i =
Aα [n− 1]

n2c

and that the elasticity of demand for �rm i is

n

n− nα+ α

2. Consider the case α = 1. What phenomenon does this represent? Show
that the equilibrium number of �rms in the industry is less than or equal

to
√

A
C0

.

Outline Answer

1. We begin by computing the equilibrium for a typical �rm i. Pro�ts for
the �rm are

Πi =
Aqαi
K
− C0 − cqi (3.2)

where

K :=

n∑
j=1

qαj

The �rst-order condition for maximising (3.2) with respect to qi (taking
all the other qj as given) is

∂Πi

∂qi
=
Aαqα−1

i

K
− Aαq2α−1

i

K2
− c = 0 (3.3)

If all �rms are identical, then in equilibrium all �rms must produce the
same amount and so

K = nq∗αi (3.4)

Substituting (3.4) in (3.3) we get

Aα

n
− Aα

n2
− cq∗i = 0 (3.5)
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from which the result follows immediately. To �nd the elasticity of demand
for �rm i take logs of the inverse demand curve (in the question) and
di�erentiate with respect to qi

− qi
pi

∂pi
∂qi

= 1− α+
αqαi
K

(3.6)

To �nd the elasticity in the neighbourhood of the equilibrium substitute
(3.4) in (3.6) and take the reciprocal.

2. The case α = 1 represents a situation where the goods are perfect substi-
tutes. We then �nd that �rm i's pro�ts are

Π∗i =
Aq∗i
K
− C0 − cq∗i (3.7)

=
A

n
− C0 −

A[n− 1]

n2

=
A

n2
− C0 (3.8)

Requiring that the right-hand side of (3.8) be non-negative implies

n ≤
√

A

C0
(3.9)
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Exercise 3.4 A �rm has the cost function

F0 +
1

2
aq2
i

where qi is the output of a single homogeneous good and F0 and a are positive
numbers.

1. Find the �rm's supply relationship between output and price p; explain
carefully what happens at the minimum-average-cost point p :=

√
2aF0.

2. In a market of a thousand consumers the demand curve for the commodity
is given by

p = A− bq
where q is total quantity demanded and A and b are positive parameters.
If the market is served by a single price-taking �rm with the cost structure
in part 1 explain why there is a unique equilibrium if b ≤ a

[
A/p− 1

]
and

no equilibrium with positive output otherwise.

3. Now assume that there is a large number N of �rms, each with the above
cost function: �nd the relationship between average supply by the N �rms
and price and compare the answer with that of part 1. What happens as
N →∞?

4. Assume that the size of the market is also increased by a factor N but that
the demand per thousand consumers remains as in part 2 above. Show
that as N gets large there will be a determinate market equilibrium price
and output level.

Outline Answer

1. Given the cost function

F0 +
1

2
aq2
i

marginal cost is aqi and average cost is F0/qi + 1
2aqi. Marginal cost inter-

sects average cost where

aqi = F0/qi +
1

2
aqi

i.e. where output is
q :=

√
2F0/a (3.10)

and marginal cost is
p :=

√
2aF0 (3.11)

For p > p the supply curve is identical to the marginal cost curve qi = p/a;
for p < p the �rm supplies 0 to the market; at p = p the �rm supplies
either 0 or q. There is no price which will induce a supply in the interior

of the interval
(
0, q
)
. Summarising, �rm i's optimal output is given by

q∗i = S(p) :=


p/a, if p > p

q ∈ {0, q} if p = p

0, if p < p

(3.12)
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2. The equilibrium with positive output, if it exists, is found where sup-
ply=demand at a given price. If a positive amount is supplied to the
market this would imply

p

a
=

A− p
b

p =
aA

a+ b

which would, in turn, imply an equilibrium quantity

q =
A

a+ b

but it can only be valid if A
a+b ≥ q. Noting that q = p/a this condition is

equivalent to a
[
A
p − 1

]
≥ b or p ≤ A a

a+b . If this condition is and p ≥ Q

there may also be an uninteresting equilibrium with zero output.

3. If there are N such �rms, each �rm responds to price as in (3.12), and so

the average output q := 1
N

∑N
i=1 q

∗
i is given by

q =


p/a, if p > p

q ∈ J(q) if p = p

0, if p < p

(3.13)

where J(q) := { iN q : i = 0, 1, ..., N}. As N → ∞ the set J(q) becomes
dense in [0, q], and so we have the average supply relationship:

q =


p/a, if p > p

q ∈ [0, q] if p = p

0, if p < p

(3.14)

4. Given that in the limit the average supply curve is continuous and of the
piecewise linear form (3.14), and that the demand curve is a downward-
sloping straight line, there must be a unique market equilibrium. In ad-
dition to the cases discussed in part 2 there is now also an equilibrium to

be found at
(
p,

A−p
b

)
which, using (3.11) is

(√
2aF0,

A−
√

2aF0

b

)
. Using

(3.10) this can be written
(
p, βq

)
where

β :=
A− p
bp/a

In this equilibrium a proportion β of the �rms produce q and 1− β of the
�rms produce 0.
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Exercise 3.5 A �rm has a �xed cost F0 and marginal costs

c = a+ bq

where q is output.

1. If the �rm were a price-taker, what is the lowest price at which it would be
prepared to produce a positive amount of output? If the competitive price
were above this level, �nd the amount of output q∗ that the �rm would
produce.

2. If the �rm is actually a monopolist and the inverse demand function is

p = A− 1

2
Bq

(where A > a and B > 0) �nd the expression for the �rm's marginal
revenue in terms of output. Illustrate the optimum in a diagram and show
that the �rm will produce

q∗∗ :=
A− a
b+B

What is the price charged p∗∗ and the marginal cost c∗∗ at this output
level? Compare q∗∗ and q∗.

3. The government decides to regulate the monopoly. The regulator has the
power to control the price by setting a ceiling pmax. Plot the average and
marginal revenue curves that would then face the monopolist. Use these
to show:

(a) If pmax > p∗∗ the �rm's output and price remain unchanged at q∗∗

and p∗∗

(b) If pmax < c∗∗ the �rm's output will fall below q∗∗.

(c) Otherwise output will rise above q∗∗.

Outline Answer

1. Total costs are

F0 + aq +
1

2
bq2

So average costs are
F0

q
+ a+

1

2
bq

which are a minimum at

q =

√
2
F0

b
(3.15)

where average costs are √
2bF0 + a (3.16)

Marginal and average costs are illustrated in Figure 3.1: notice that MC
is linear and that AC has the typical U-shape if F0 > 0. For a price above
the level (3.16) the �rst-order condition for maximum pro�ts is given by

p = a+ bq
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Figure 3.1: Perfect Competition

from which we �nd

q∗ :=
p− a
b

� see Figure 3.1.

2. If the �rm is a monopolist marginal revenue is

∂

∂q

[
Aq − 1

2
Bq2

]
= A−Bq

Hence the �rst-order condition for the monopolist is

A−Bq = a+ bq (3.17)

from which the solution q∗∗ follows. Substituting for q∗∗ we also get

c∗∗ = A−Bq∗∗ =
Ab+Ba

B + b
(3.18)

p∗∗ = A− 1

2
Bq∗∗ = c∗∗ +

1

2
B
A− a
b+B

(3.19)

� see Figure 3.2.

3. Consider how the introduction of a price ceiling will a�ect average revenue.
Clearly we now have

AR(q) =

{
pmax if q ≤ q0

A− 1
2Bq if q ≥ q0

}
(3.20)

where q0 := 2 [A− pmax] /B: average revenue is a continuous function of
q but has a kink at q0. From this we may derive marginal revenue which
is

MR(q) =

{
pmax if q < q0

A−Bq if q > q0

}
(3.21)

� notice that there is a discontinuity exactly at q0. The modi�ed curves
(3.20) and (3.21) are shown in Figure 3.3: notice that they coincide in
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Figure 3.2: Unregulated Monopoly

Figure 3.3: Regulated Monopoly

the �at section to the left of q0. Clearly the outcome depends crucially
on whether MC intersects (modi�ed) MR (a) to the left of q0, (b) to the
right of q0, (c) in the discontinuity exactly at q0. Case (c) is illustrated,
and it is clear that output will have risen from q∗∗ to q0. The other cases
can easily be found by appropriately shifting the curves on Figure 3.3.
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Exercise 3.6 In the market for a single homogeneous good there are N �rms.
Each �rm has the cost function

16 + q3
i

where qi is the output of �rm i. The market demand for the good is given by

N
[
A−

√
p/3
]
where p is the market price and A is a positive parameter.

1. Find average cost and marginal cost for �rm i. What is the smallest
positive amount that the �rm would supply to the market?

2. Suppose that N = 1 but that the �rm acts as a price-taker.

(a) If A = 6, show that the equilibrium price is 27 and the �rm supplies
3 units of output.

(b) Explain what happens in the market in the cases A = 2, A = 3,
A = 4.

3. Now suppose that N is a very large number but that other aspects of the
problem remain the same. Explain how the answers to part (b) would
change, if at all, in the cases corresponding to the di�erent values of A.

Outline Answer

1. Average cost is given by

AC =
16

qi
+ q2

i

and marginal cost is:
MC = 3q2

i

MC=AC where

3q2
i =

16

qi
+ q2

i

2q3
i = 16

qi =
3

√
16

2
= 2

So the minimum point of the AC curve is at qi = 2 where AC = MC =
p = 12; qi is the smallest amount that the �rm would supply.

2. Using the relation p = MC where p ≥ AC we �nd the supply curve

qi =


√

p
3 if p > 12

0 or 2 if p = 12
0 if p < 12

Note that it is discontinuous. Given that the demand curve is A −
√

p
3

the rule �demand = supply� yields√
p

3
= A−

√
p

3

which would imply
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