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CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION 15

Chapter 2

The Time-Independent Schrödinger
Equation

Problem 2.1

(a)

Ψ(x, t) = ψ(x)e−i(E0+iΓ)t/~ = ψ(x)eΓt/~e−iE0t/~ =⇒ |Ψ|2 = |ψ|2e2Γt/~.∫ ∞
−∞
|Ψ(x, t)|2dx = e2Γt/~

∫ ∞
−∞
|ψ|2dx.

The second term is independent of t, so if the product is to be 1 for all time, the first term (e2Γt/~) must
also be constant, and hence Γ = 0. QED

(b) If ψ satisfies Eq. 2.5, − ~2

2m
d2ψ
dx2 + V ψ = Eψ, then (taking the complex conjugate and noting that V and

E are real): − ~2

2m
d2ψ∗

dx2 + V ψ∗ = Eψ∗, so ψ∗ also satisfies Eq. 2.5. Now, if ψ1 and ψ2 satisfy Eq. 2.5, so
too does any linear combination of them (ψ3 ≡ c1ψ1 + c2ψ2):

− ~2

2m
d2ψ3

dx2
+ V ψ3 = − ~2

2m

(
c1
d2ψ1

dx2
+ c2

d2ψ2

dx2

)
+ V (c1ψ1 + c2ψ2)

= c1

[
− ~2

2m
d2ψ1

dx2
+ V ψ1

]
+ c2

[
− ~2

2m
d2ψ2

dx2
+ V ψ2

]
= c1(Eψ1) + c2(Eψ2) = E(c1ψ1 + c2ψ2) = Eψ3.

Thus, (ψ + ψ∗) and i(ψ − ψ∗) – both of which are real – satisfy Eq. 2.5. Conclusion: From any complex
solution, we can always construct two real solutions (of course, if ψ is already real, the second one will be
zero). In particular, since ψ = 1

2 [(ψ + ψ∗)− i(i(ψ − ψ∗))], ψ can be expressed as a linear combination of
two real solutions. QED

(c) If ψ(x) satisfies Eq. 2.5, then, changing variables x→ −x and noting that d2/d(−x)2 = d2/dx2,

− ~2

2m
d2ψ(−x)
dx2

+ V (−x)ψ(−x) = Eψ(−x);

so if V (−x) = V (x) then ψ(−x) also satisfies Eq. 2.5. It follows that ψ+(x) ≡ ψ(x) + ψ(−x) (which is
even: ψ+(−x) = ψ+(x)) and ψ−(x) ≡ ψ(x)− ψ(−x) (which is odd: ψ−(−x) = −ψ−(x)) both satisfy Eq.
2.5. But ψ(x) = 1

2 (ψ+(x) + ψ−(x)), so any solution can be expressed as a linear combination of even and
odd solutions. QED
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16 CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION

Problem 2.2

Given d2ψ
dx2 = 2m

~2 [V (x)−E]ψ, if E < Vmin, then ψ′′ and ψ always have the same sign: If ψ is positive(negative),
then ψ′′ is also positive(negative). This means that ψ always curves away from the axis (see Figure). However,
it has got to go to zero as x→ −∞ (else it would not be normalizable). At some point it’s got to depart from
zero (if it doesn’t, it’s going to be identically zero everywhere), in (say) the positive direction. At this point its
slope is positive, and increasing, so ψ gets bigger and bigger as x increases. It can’t ever “turn over” and head
back toward the axis, because that would require a negative second derivative—it always has to bend away from
the axis. By the same token, if it starts out heading negative, it just runs more and more negative. In neither
case is there any way for it to come back to zero, as it must (at x→∞) in order to be normalizable. QED

x

Problem 2.3

Equation 2.20 says d2ψ
dx2 = − 2mE

~2 ψ; Eq. 2.23 says ψ(0) = ψ(a) = 0. If E = 0, d2ψ/dx2 = 0, so ψ(x) = A+ Bx;
ψ(0) = A = 0⇒ ψ = Bx; ψ(a) = Ba = 0⇒ B = 0, so ψ = 0. If E < 0, d2ψ/dx2 = κ2ψ, with κ ≡

√
−2mE/~

real, so ψ(x) = Aeκx + Be−κx. This time ψ(0) = A + B = 0 ⇒ B = −A, so ψ = A(eκx − e−κx), while
ψ(a) = A (eκa − e−κa) = 0 ⇒ either A = 0, so ψ = 0, or else eκa = e−κa, so e2κa = 1, so 2κa = ln(1) = 0,
so κ = 0, and again ψ = 0. In all cases, then, the boundary conditions force ψ = 0, which is unacceptable
(non-normalizable).

Problem 2.4

〈x〉 =
∫
x|ψ|2dx =

2
a

∫ a

0

x sin2
(nπ
a
x
)
dx. Let y ≡ nπ

a
x, so dx =

a

nπ
dy; y : 0→ nπ.

=
2
a

( a

nπ

)2
∫ nπ

0

y sin2 y dy =
2a
n2π2

[
y2

4
− y sin 2y

4
− cos 2y

8

]∣∣∣∣nπ
0

=
2a
n2π2

[
n2π2

4
− cos 2nπ

8
+

1
8

]
=

a

2
. (Independent of n.)

〈x2〉 =
2
a

∫ a

0

x2 sin2
(nπ
a
x
)
dx =

2
a

( a

nπ

)3
∫ nπ

0

y2 sin2 y dy

=
2a2

(nπ)3

[
y3

6
−
(
y2

4
− 1

8

)
sin 2y − y cos 2y

4

]nπ
0

=
2a2

(nπ)3

[
(nπ)3

6
− nπ cos(2nπ)

4

]
= a2

[
1
3
− 1

2(nπ)2

]
.
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CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION 17

〈p〉 = m
d〈x〉
dt

= 0. (Note : Eq. 1.33 is much faster than Eq. 1.35.)

〈p2〉 =
∫
ψ∗n

(
~
i

d

dx

)2

ψn dx = −~2

∫
ψ∗n

(
d2ψn
dx2

)
dx

= (−~2)
(
−2mEn

~2

)∫
ψ∗nψn dx = 2mEn =

(
nπ~
a

)2

.

σ2
x = 〈x2〉 − 〈x〉2 = a2

(
1
3
− 1

2(nπ)2
− 1

4

)
=
a2

4

(
1
3
− 2

(nπ)2

)
; σx =

a

2

√
1
3
− 2

(nπ)2
.

σ2
p = 〈p2〉 − 〈p〉2 =

(
nπ~
a

)2

; σp =
nπ~
a

. ∴ σxσp =
~
2

√
(nπ)2

3
− 2.

The product σxσp is smallest for n = 1; in that case, σxσp = ~
2

√
π2

3 − 2 = (1.136)~/2 > ~/2. X

Problem 2.5

(a)

|Ψ|2 = Ψ∗Ψ = |A|2(ψ∗1 + ψ∗2)(ψ1 + ψ2) = |A|2[ψ∗1ψ1 + ψ∗1ψ2 + ψ∗2ψ1 + ψ∗2ψ2].

1 =
∫
|Ψ|2dx = |A|2

∫
[|ψ1|2 + ψ∗1ψ2 + ψ∗2ψ1 + |ψ2|2]dx = 2|A|2 ⇒ A = 1/

√
2.

(b)

Ψ(x, t) =
1√
2

[
ψ1e
−iE1t/~ + ψ2e

−iE2t/~
]

(but
En
~

= n2ω)

=
1√
2

√
2
a

[
sin
(π
a
x
)
e−iωt + sin

(
2π
a
x

)
e−i4ωt

]
=

1√
a
e−iωt

[
sin
(π
a
x
)

+ sin
(

2π
a
x

)
e−3iωt

]
.

|Ψ(x, t)|2 =
1
a

[
sin2

(π
a
x
)

+ sin
(π
a
x
)

sin
(

2π
a
x

)(
e−3iωt + e3iωt

)
+ sin2

(
2π
a
x

)]
=

1
a

[
sin2

(π
a
x
)

+ sin2

(
2π
a
x

)
+ 2 sin

(π
a
x
)

sin
(

2π
a
x

)
cos(3ωt)

]
.

(c)

〈x〉 =
∫
x|Ψ(x, t)|2dx

=
1
a

∫ a

0

x

[
sin2

(π
a
x
)

+ sin2

(
2π
a
x

)
+ 2 sin

(π
a
x
)

sin
(

2π
a
x

)
cos(3ωt)

]
dx
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18 CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION

∫ a

0

x sin2
(π
a
x
)
dx =

[
x2

4
−
x sin

(
2π
a x
)

4π/a
−

cos
(

2π
a x
)

8(π/a)2

]∣∣∣∣∣
a

0

=
a2

4
=
∫ a

0

x sin2

(
2π
a
x

)
dx.

∫ a

0

x sin
(π
a
x
)

sin
(

2π
a
x

)
dx =

1
2

∫ a

0

x

[
cos
(π
a
x
)
− cos

(
3π
a
x

)]
dx

=
1
2

[
a2

π2
cos
(π
a
x
)

+
ax

π
sin
(π
a
x
)
− a2

9π2
cos
(

3π
a
x

)
− ax

3π
sin
(

3π
a
x

)]a
0

=
1
2

[
a2

π2

(
cos(π)− cos(0)

)
− a2

9π2

(
cos(3π)− cos(0)

)]
= − a

2

π2

(
1− 1

9

)
= − 8a2

9π2
.

∴ 〈x〉 =
1
a

[
a2

4
+
a2

4
− 16a2

9π2
cos(3ωt)

]
=

a

2

[
1− 32

9π2
cos(3ωt)

]
.

Amplitude:
32
9π2

(a
2

)
= 0.3603(a/2); angular frequency: 3ω =

3π2~
2ma2

.

(d)

〈p〉 = m
d〈x〉
dt

= m
(a

2

)(
− 32

9π2

)
(−3ω) sin(3ωt) =

8~
3a

sin(3ωt).

(e) You could get either E1 = π2~2/2ma2 or E2 = 2π2~2/ma2, with equal probability P1 = P2 = 1/2.

So 〈H〉 =
1
2

(E1 + E2) =
5π2~2

4ma2
; it’s the average of E1 and E2.

Problem 2.6

From Problem 2.5, we see that

Ψ(x, t) = 1√
a
e−iωt

[
sin
(
π
ax
)

+ sin
(

2π
a x
)
e−3iωteiφ

]
;

|Ψ(x, t)|2 = 1
a

[
sin2

(
π
ax
)

+ sin2
(

2π
a x
)

+ 2 sin
(
π
ax
)

sin
(

2π
a x
)

cos(3ωt− φ)
]
;

and hence 〈x〉 = a
2

[
1− 32

9π2 cos(3ωt− φ)
]
. This amounts physically to starting the clock at a different time

(i.e., shifting the t = 0 point).

If φ =
π

2
, so Ψ(x, 0) = A[ψ1(x) + iψ2(x)], then cos(3ωt− φ) = sin(3ωt); 〈x〉 starts at

a

2
.

If φ = π, so Ψ(x, 0) = A[ψ1(x)− ψ2(x)], then cos(3ωt− φ) = − cos(3ωt); 〈x〉 starts at
a

2

(
1 +

32
9π2

)
.
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CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION 19

Problem 2.7

(a)

(x,0)

xaa/2

Aa/2

1 = A2

∫ a/2

0

x2dx+A2

∫ a

a/2

(a− x)2dx = A2

[
x3

3

∣∣∣∣a/2
0

− (a− x)3

3

∣∣∣∣a
a/2

]

=
A2

3

(
a3

8
+
a3

8

)
=
A2a3

12
⇒ A =

2
√

3√
a3
.

(b)

cn =

√
2
a

2
√

3
a
√
a

[ ∫ a/2

0

x sin
(
nπ

a
x

)
dx+

∫ a

a/2

(a− x) sin
(
nπ

a
x

)
dx

]
=

2
√

6
a2

{[(
a

nπ

)2

sin
(
nπ

a
x

)
− xa

nπ
cos
(
nπ

a
x

)]∣∣∣∣a/2
0

+ a

[
− a

nπ
cos
(
nπ

a
x

)]∣∣∣∣a
a/2

−
[(

a

nπ

)2

sin
(
nπ

a
x

)
−
(
ax

nπ

)
cos
(
nπ

a
x

)]∣∣∣∣a
a/2

}

=
2
√

6
a2

[(
a

nπ

)2

sin
(
nπ

2

)
−
��

���
��a2

2nπ
cos
(
nπ

2

)
−
�
��

��a2

nπ
cosnπ +

��
��

�
��

a2

nπ
cos
(
nπ

2

)
+
(
a

nπ

)2

sin
(
nπ

2

)
+
��

�
��a2

nπ
cosnπ −

��
���

��a2

2nπ
cos
(
nπ

2

)]
=

2
√

6

��a
2

2 �
�a2

(nπ)2
sin
(
nπ

2

)
=

4
√

6
(nπ)2

sin
(
nπ

2

)
=

{
0, n even,
(−1)(n−1)/2 4

√
6

(nπ)2 , n odd.

So Ψ(x, t) =
4
√

6
π2

√
2
a

∑
n=1,3,5,...

(−1)(n−1)/2 1
n2

sin
(
nπ

a
x

)
e−iEnt/~, where En =

n2π2~2

2ma2
.

(c)

P1 = |c1|2 =
16 · 6
π4

= 0.9855.

(d)

〈H〉 =
∑
|cn|2En =

96
π4

π2~2

2ma2

(
1
1

+
1
32

+
1
52

+
1
72

+ · · ·︸ ︷︷ ︸
π2/8

)
=

48~2

π2ma2

π2

8
=

6~2

ma2
.
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20 CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION

Problem 2.8

(a)

Ψ(x, 0) =

{
A, 0 < x < a/2;
0, otherwise.

1 = A2

∫ a/2

0

dx = A2(a/2)⇒ A =

√
2
a
.

(b) From Eq. 2.37,

c1 = A

√
2
a

∫ a/2

0

sin
(π
a
x
)
dx =

2
a

[
− a
π

cos
(π
a
x
)] ∣∣∣∣a/2

0

= − 2
π

[
cos
(π

2

)
− cos 0

]
=

2
π
.

P1 = |c1|2 = (2/π)2 = 0.4053.

Problem 2.9

ĤΨ(x, 0) = − ~2

2m
∂2

∂x2
[Ax(a− x)] = −A ~2

2m
∂

∂x
(a− 2x) = A

~2

m
.

∫
Ψ(x, 0)∗ĤΨ(x, 0) dx = A2 ~2

m

∫ a

0

x(a− x) dx = A2 ~2

m

(
a
x2

2
− x3

3

) ∣∣∣∣a
0

= A2 ~2

m

(
a3

2
− a3

3

)
=

30
a5

~2

m

a3

6
=

5~2

ma2

(same as Example 2.3).

Problem 2.10

(a) Using Eqs. 2.47 and 2.59,

a+ψ0 =
1√

2~mω

(
−~

d

dx
+mωx

)(mω
π~

)1/4

e−
mω
2~ x

2

=
1√

2~mω

(mω
π~

)1/4 [
−~
(
−mω

2~

)
2x+mωx

]
e−

mω
2~ x

2
=

1√
2~mω

(mω
π~

)1/4

2mωxe−
mω
2~ x

2
.

(a+)2ψ0 =
1

2~mω

(mω
π~

)1/4

2mω
(
−~

d

dx
+mωx

)
xe−

mω
2~ x

2

=
1
~

(mω
π~

)1/4 [
−~
(

1− xmω
2~

2x
)

+mωx2
]
e−

mω
2~ x

2
=
(mω
π~

)1/4
(

2mω
~

x2 − 1
)
e−

mω
2~ x

2
.

Therefore, from Eq. 2.67,

ψ2 =
1√
2

(a+)2ψ0 =
1√
2

(mω
π~

)1/4
(

2mω
~

x2 − 1
)
e−

mω
2~ x

2
.
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(b)

1 20

(c) Since ψ0 and ψ2 are even, whereas ψ1 is odd,
∫
ψ∗0ψ1dx and

∫
ψ∗2ψ1dx vanish automatically. The only one

we need to check is
∫
ψ∗2ψ0 dx:∫

ψ∗2ψ0 dx =
1√
2

√
mω

π~

∫ ∞
−∞

(
2mω

~
x2 − 1

)
e−

mω
~ x2

dx

= −
√
mω

2π~

(∫ ∞
−∞

e−
mω

~ x2
dx− 2mω

~

∫ ∞
−∞

x2e−
mω

~ x2
dx

)
= −

√
mω

2π~

(√
π~
mω
− 2mω

~
~

2mω

√
π~
mω

)
= 0. X

Problem 2.11

(a) Note that ψ0 is even, and ψ1 is odd. In either case |ψ|2 is even, so 〈x〉 =
∫
x|ψ|2dx = 0. Therefore

〈p〉 = md〈x〉/dt = 0. (These results hold for any stationary state of the harmonic oscillator.)

From Eqs. 2.59 and 2.62, ψ0 = αe−ξ
2/2, ψ1 =

√
2αξe−ξ

2/2. So

n = 0:

〈x2〉 = α2

∫ ∞
−∞

x2e−ξ
2
dx = α2

(
~
mω

)3/2 ∫ ∞
−∞

ξ2e−ξ
2
dξ =

1√
π

(
~
mω

)√
π

2
=

~
2mω

.

〈p2〉 =
∫
ψ0

(
~
i

d

dx

)2

ψ0 dx = −~2α2

√
mω

~

∫ ∞
−∞

e−ξ
2/2

(
d2

dξ2
e−ξ

2/2

)
dξ

= −m~ω√
π

∫ ∞
−∞

(
ξ2 − 1

)
e−ξ

2
dξ = −m~ω√

π

(√
π

2
−
√
π

)
=

m~ω
2

.

n = 1:

〈x2〉 = 2α2

∫ ∞
−∞

x2ξ2e−ξ
2
dx = 2α2

(
~
mω

)3/2 ∫ ∞
−∞

ξ4e−ξ
2
dξ =

2~√
πmω

3
√
π

4
=

3~
2mω

.

〈p2〉 = −~22α2

√
mω

~

∫ ∞
−∞

ξe−ξ
2/2

[
d2

dξ2

(
ξe−ξ

2/2
)]
dξ

= −2mω~√
π

∫ ∞
−∞

(
ξ4 − 3ξ2

)
e−ξ

2
dξ = −2mω~√

π

(
3
4
√
π − 3

√
π

2

)
=

3m~ω
2

.
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(b) n = 0:

σx =
√
〈x2〉 − 〈x〉2 =

√
~

2mω
; σp =

√
〈p2〉 − 〈p〉2 =

√
m~ω

2
;

σxσp =

√
~

2mω

√
mω~

2
=

~
2
. (Right at the uncertainty limit.)X

n = 1:

σx =

√
3~

2mω
; σp =

√
3m~ω

2
; σxσp = 3

~
2
>

~
2
. X

(c)

〈T 〉 =
1

2m
〈p2〉 =


1
4~ω (n = 0)

3
4~ω (n = 1)

 ; 〈V 〉 =
1
2
mω2〈x2〉 =


1
4~ω (n = 0)

3
4~ω (n = 1)

 .

〈T 〉+ 〈V 〉 = 〈H〉 =


1
2~ω (n = 0) = E0

3
2~ω (n = 1) = E1

 , as expected.

Problem 2.12

From Eq. 2.69,

x =

√
~

2mω
(a+ + a−), p = i

√
~mω

2
(a+ − a−),

so

〈x〉 =

√
~

2mω

∫
ψ∗n(a+ + a−)ψn dx.

But (Eq. 2.66)
a+ψn =

√
n+ 1ψn+1, a−ψn =

√
nψn−1.

So

〈x〉 =

√
~

2mω

[√
n+ 1

∫
ψ∗nψn+1 dx+

√
n

∫
ψ∗nψn−1 dx

]
= 0 (by orthogonality).

〈p〉 = m
d〈x〉
dt

= 0. x2 =
~

2mω
(a+ + a−)2 =

~
2mω

(
a2

+ + a+a− + a−a+ + a2
−
)
.

〈x2〉 =
~

2mω

∫
ψ∗n
(
a2

+ + a+a− + a−a+ + a2
−
)
ψn. But

a2
+ψn = a+

(√
n+ 1ψn+1

)
=
√
n+ 1

√
n+ 2ψn+2 =

√
(n+ 1)(n+ 2)ψn+2.

a+a−ψn = a+

(√
nψn−1

)
=
√
n
√
nψn = nψn.

a−a+ψn = a−
(√
n+ 1ψn+1

)
=
√
n+ 1)

√
n+ 1ψn = (n+ 1)ψn.

a2
−ψn = a−

(√
nψn−1

)
=
√
n
√
n− 1ψn−2 =

√
(n− 1)nψn−2.

So

〈x2〉 =
~

2mω

[
0 + n

∫
|ψn|2dx+ (n+ 1)

∫
|ψn|2 dx+ 0

]
=

~
2mω

(2n+ 1) =
(
n+

1
2

)
~
mω

.
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p2 = −~mω
2

(a+ − a−)2 = −~mω
2
(
a2

+ − a+a− − a−a+ + a2
−
)
⇒

〈p2〉 = −~mω
2

[0− n− (n+ 1) + 0] =
~mω

2
(2n+ 1) =

(
n+

1
2

)
m~ω.

〈T 〉 = 〈p2/2m〉 =
1
2

(
n+

1
2

)
~ω .

σx =
√
〈x2〉 − 〈x〉2 =

√
n+

1
2

√
~
mω

; σp =
√
〈p2〉 − 〈p〉2 =

√
n+

1
2

√
m~ω; σxσp =

(
n+

1
2

)
~ ≥ ~

2
. X

Problem 2.13

(a)

1 =
∫
|Ψ(x, 0)|2dx = |A|2

∫ (
9|ψ0|2 + 12ψ∗0ψ1 + 12ψ∗1ψ0 + 16|ψ1|2

)
dx

= |A|2(9 + 0 + 0 + 16) = 25|A|2 ⇒ A = 1/5.

(b)

Ψ(x, t) =
1
5

[
3ψ0(x)e−iE0t/~ + 4ψ1(x)e−iE1t/~

]
=

1
5

[
3ψ0(x)e−iωt/2 + 4ψ1(x)e−3iωt/2

]
.

(Here ψ0 and ψ1 are given by Eqs. 2.59 and 2.62; E0 and E1 by Eq. 2.61.)

|Ψ(x, t)|2 =
1
25

[
9ψ2

0 + 12ψ0ψ1e
iωt/2e−3iωt/2 + 12ψ0ψ1e

−iωt/2e3iωt/2 + 16ψ2
1

]
=

1
25
[
9ψ2

0 + 16ψ2
1 + 24ψ0ψ1 cos(ωt)

]
.

(With ψ2 in place of ψ1 the frequency would be (E2 − E0)/~ = [(5/2)~ω − (1/2)~ω]/~ = 2ω.)

(c)

〈x〉 =
1
25

[
9
∫
xψ2

0 dx+ 16
∫
xψ2

1 dx+ 24 cos(ωt)
∫
xψ0ψ1 dx

]
.

But
∫
xψ2

0 dx =
∫
xψ2

1 dx = 0 (see Problem 2.11 or 2.12), while

∫
xψ0ψ1 dx =

√
mω

π~

√
2mω

~

∫
xe−

mω
2~ x

2
xe−

mω
2~ x

2
dx =

√
2
π

(mω
~

)∫ ∞
−∞

x2e−
mω

~ x2
dx

=

√
2
π

(mω
~

)
2
√
π2

(
1
2

√
~
mω

)3

=

√
~

2mω
.

So

〈x〉 =
24
25

√
~

2mω
cos(ωt); 〈p〉 = m

d

dt
〈x〉 = −24

25

√
mω~

2
sin(ωt).
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Ehrenfest’s theorem says d〈p〉/dt = −〈∂V/∂x〉. Here

d〈p〉
dt

= −24
25

√
mω~

2
ω cos(ωt), V =

1
2
mω2x2 ⇒ ∂V

∂x
= mω2x,

so

−
〈∂V
∂x

〉
= −mω2〈x〉 = −mω2 24

25

√
~

2mω
cos(ωt) = −24

25

√
~mω

2
ω cos(ωt),

so Ehrenfest’s theorem holds.

(d) You could get E0 = 1
2~ω, with probability |c0|2 = 9/25, or E1 = 3

2~ω, with probability |c1|2 = 16/25.

Problem 2.14

The new allowed energies are E′n = (n + 1
2 )~ω′ = 2(n + 1

2 )~ω = ~ω, 3~ω, 5~ω, . . .. So the probability of
getting 1

2~ω is zero. The probability of getting ~ω (the new ground state energy) is P0 = |c0|2, where c0 =∫
Ψ(x, 0)ψ′0 dx, with

Ψ(x, 0) = ψ0(x) =
(mω
π~

)1/4

e−
mω
2~ x

2
, ψ0(x)′ =

(
m2ω
π~

)1/4

e−
m2ω
2~ x2

.

So

c0 = 21/4

√
mω

π~

∫ ∞
−∞

e−
3mω
2~ x2

dx = 21/4

√
mω

π~
2
√
π

(
1
2

√
2~

3mω

)
= 21/4

√
2
3
.

Therefore

P0 =
2
3

√
2 = 0.9428.

Problem 2.15

ψ0 =
(mω
π~

)1/4

e−ξ
2/2, so P = 2

√
mω

π~

∫ ∞
x0

e−ξ
2
dx = 2

√
mω

π~

√
~
mω

∫ ∞
ξ0

e−ξ
2
dξ.

Classically allowed region extends out to: 1
2mω

2x2
0 = E0 = 1

2~ω, or x0 =
√

~
mω , so ξ0 = 1.

P =
2√
π

∫ ∞
1

e−ξ
2
dξ = 2(1− F (

√
2)) (in notation of CRC Table) = 0.157.

Problem 2.16

n = 5: j = 1 ⇒ a3 = −2(5−1)
(1+1)(1+2)a1 = − 4

3a1; j = 3 ⇒ a5 = −2(5−3)
(3+1)(3+2)a3 = − 1

5a3 = 4
15a1; j = 5 ⇒ a7 = 0. So

H5(ξ) = a1ξ − 4
3a1ξ

3 + 4
15a1ξ

5 = a1
15 (15ξ − 20ξ3 + 4ξ5). By convention the coefficient of ξ5 is 25, so a1 = 15 · 8,

and H5(ξ) = 120ξ − 160ξ3 + 32ξ5 (which agrees with Table 2.1).

n = 6: j = 0 ⇒ a2 = −2(6−0)
(0+1)(0+2)a0 = −6a0; j = 2 ⇒ a4 = −2(6−2)

(2+1)(2+2)a2 = − 2
3a2 = 4a0; j = 4 ⇒ a6 =

−2(6−4)
(4+1)(4+2)a4 = − 2

15a4 = − 8
15a0; j = 6⇒ a8 = 0. So H6(ξ) = a0 − 6a0ξ

2 + 4a0ξ
4 − 8

15ξ
6a0. The coefficient of ξ6

is 26, so 26 = − 8
15a0 ⇒ a0 = −15 · 8 = −120. H6(ξ) = −120 + 720ξ2 − 480ξ4 + 64ξ6.
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Problem 2.17

(a)

d

dξ
(e−ξ

2
) = −2ξe−ξ

2
;
(
d

dξ

)2

e−ξ
2

=
d

dξ
(−2ξe−ξ

2
) = (−2 + 4ξ2)e−ξ

2
;

(
d

dξ

)3

e−ξ
2

=
d

dξ

[
(−2 + 4ξ2)e−ξ

2
]

=
[
8ξ + (−2 + 4ξ2)(−2ξ)

]
e−ξ

2
= (12ξ − 8ξ3)e−ξ

2
;

(
d

dξ

)4

e−ξ
2

=
d

dξ

[
(12ξ−8ξ3)e−ξ

2
]

=
[
12−24ξ2 +(12ξ−8ξ3)(−2ξ)

]
e−ξ

2
= (12−48ξ2 +16ξ4)e−ξ

2
.

H3(ξ) = −eξ
2
(
d

dξ

)3

e−ξ
2

= −12ξ + 8ξ3; H4(ξ) = eξ
2
(
d

dξ

)4

e−ξ
2

= 12− 48ξ2 + 16ξ4.

(b)

H5 = 2ξH4 − 8H3 = 2ξ(12− 48ξ2 + 16ξ4)− 8(−12ξ + 8ξ3) = 120ξ − 160ξ3 + 32ξ5.

H6 = 2ξH5−10H4 = 2ξ(120ξ−160ξ3+32ξ5)−10(12−48ξ2+16ξ4) = −120 + 720ξ2 − 480ξ4 + 64ξ6.

(c)

dH5

dξ
= 120− 480ξ2 + 160ξ4 = 10(12− 48ξ2 + 16ξ4) = (2)(5)H4. X

dH6

dξ
= 1440ξ − 1920ξ3 + 384ξ5 = 12(120ξ − 160ξ3 + 32ξ5) = (2)(6)H5. X

(d)

d

dz
(e−z

2+2zξ) = (−2z + 2ξ)e−z
2+2zξ; setting z = 0, H1(ξ) = 2ξ.

(
d

dz

)2

(e−z
2+2zξ) =

d

dz

[
(−2z + 2ξ)e−z

2+2zξ

]
=
[
− 2 + (−2z + 2ξ)2

]
e−z

2+2zξ; setting z = 0, H2(ξ) = −2 + 4ξ2.

(
d

dz

)3

(e−z
2+2zξ) =

d

dz

{[
− 2 + (−2z + 2ξ)2

]
e−z

2+2zξ

}
=
{

2(−2z + 2ξ)(−2) +
[
− 2 + (−2z + 2ξ)2

]
(−2z + 2ξ)

}
e−z

2+2zξ;

setting z = 0, H3(ξ) = −8ξ + (−2 + 4ξ2)(2ξ) = −12ξ + 8ξ3.
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Problem 2.18

Aeikx +Be−ikx = A(cos kx+ i sin kx) +B(cos kx− i sin kx) = (A+B) cos kx+ i(A−B) sin kx

= C cos kx+D sin kx, with C = A+B; D = i(A−B).

C cos kx+D sin kx = C

(
eikx + e−ikx

2

)
+D

(
eikx − e−ikx

2i

)
=

1
2

(C − iD)eikx +
1
2

(C + iD)e−ikx

= Aeikx +Be−ikx, with A =
1
2

(C − iD); B =
1
2

(C + iD).

Problem 2.19

Equation 2.94 says Ψ = Aei(kx−
~k2
2m t), so

J =
i~
2m

(
Ψ
∂Ψ∗

∂x
−Ψ∗

∂Ψ
∂x

)
=

i~
2m
|A|2

[
ei(kx−

~k2
2m t)(−ik)e−i(kx−

~k2
2m t) − e−i(kx− ~k2

2m t)(ik)ei(kx−
~k2
2m t)

]
=

i~
2m
|A|2(−2ik) =

~k
m
|A|2.

It flows in the positive (x) direction (as you would expect).

Problem 2.20

(a)

f(x) = b0 +
∞∑
n=1

an
2i

(
einπx/a − e−inπx/a

)
+
∞∑
n=1

bn
2

(
einπx/a + e−inπx/a

)
= b0 +

∞∑
n=1

(
an
2i

+
bn
2

)
einπx/a +

∞∑
n=1

(
−an

2i
+
bn
2

)
e−inπx/a.

Let

c0 ≡ b0; cn = 1
2 (−ian + bn) , for n = 1, 2, 3, . . . ; cn ≡ 1

2 (ia−n + b−n) , for n = −1,−2,−3, . . . .

Then f(x) =
∞∑

n=−∞
cne

inπx/a. QED

(b) ∫ a

−a
f(x)e−imπx/adx =

∞∑
n=−∞

cn

∫ a

−a
ei(n−m)πx/adx. But for n 6= m,

∫ a

−a
ei(n−m)πx/adx =

ei(n−m)πx/a

i(n−m)π/a

∣∣∣∣a
−a

=
ei(n−m)π − e−i(n−m)π

i(n−m)π/a
=

(−1)n−m − (−1)n−m

i(n−m)π/a
= 0,
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whereas for n = m,∫ a

−a
ei(n−m)πx/adx =

∫ a

−a
dx = 2a.

So all terms except n = m are zero, and∫ a

−a
f(x)e−imπx/a = 2acm, so cn =

1
2a

∫ a

−a
f(x)e−inπx/adx. QED

(c)

f(x) =
∞∑

n=−∞

√
π

2
1
a
F (k)eikx =

1√
2π

∑
F (k)eikx∆k,

where ∆k ≡ π

a
is the increment in k from n to (n+ 1).

F (k) =

√
2
π
a

1
2a

∫ a

−a
f(x)e−ikxdx =

1√
2π

∫ a

−a
f(x)e−ikxdx.

(d) As a→∞, k becomes a continuous variable,

f(x) =
1√
2π

∫ ∞
−∞

F (k)eikxdk; F (k) =
1√
2π

∫ ∞
−∞

f(x)e−ikxdx.

Problem 2.21

(a)

1 =
∫ ∞
−∞
|Ψ(x, 0)|2dx = 2|A|2

∫ ∞
0

e−2axdx = 2|A|2 e
−2ax

−2a

∣∣∣∣∞
0

=
|A|2

a
⇒ A =

√
a.

(b)

φ(k) =
A√
2π

∫ ∞
−∞

e−a|x|e−ikx dx =
A√
2π

∫ ∞
−∞

e−a|x|(cos kx− i sin kx)dx.

The cosine integrand is even, and the sine is odd, so the latter vanishes and

φ(k) = 2
A√
2π

∫ ∞
0

e−ax cos kx dx =
A√
2π

∫ ∞
0

e−ax
(
eikx + e−ikx

)
dx

=
A√
2π

∫ ∞
0

(
e(ik−a)x + e−(ik+a)x

)
dx =

A√
2π

[
e(ik−a)x

ik − a
+
e−(ik+a)x

−(ik + a)

]∣∣∣∣∞
0

=
A√
2π

(
−1

ik − a
+

1
ik + a

)
=

A√
2π
−ik − a+ ik − a
−k2 − a2

=
√

a

2π
2a

k2 + a2
.

(c)

Ψ(x, t) =
1√
2π

2

√
a3

2π

∫ ∞
−∞

1
k2 + a2

ei(kx−
~k2
2m t)dk =

a3/2

π

∫ ∞
−∞

1
k2 + a2

ei(kx−
~k2
2m t)dk.
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(d) For large a, Ψ(x, 0) is a sharp narrow spike whereas φ(k) ∼=
√

2/πa is broad and flat; position is well-
defined but momentum is ill-defined. For small a, Ψ(x, 0) is a broad and flat whereas φ(k) ∼= (

√
2a3/π)/k2

is a sharp narrow spike; position is ill-defined but momentum is well-defined.

Problem 2.22

(a)

1 = |A|2
∫ ∞
−∞

e−2ax2
dx = |A|2

√
π

2a
; A =

(
2a
π

)1/4

.

(b) ∫ ∞
−∞

e−(ax2+bx)dx =
∫ ∞
−∞

e−y
2+(b2/4a) 1√

a
dy =

1√
a
eb

2/4a

∫ ∞
−∞

e−y
2
dy =

√
π

a
eb

2/4a.

φ(k) =
1√
2π
A

∫ ∞
−∞

e−ax
2
e−ikxdx =

1√
2π

(
2a
π

)1/4√
π

a
e−k

2/4a =
1

(2πa)1/4
e−k

2/4a.

Ψ(x, t) =
1√
2π

1
(2πa)1/4

∫ ∞
−∞

e−k
2/4aei(kx−~k2t/2m)︸ ︷︷ ︸

e−[( 1
4a+i~t/2m)k2−ixk]

dk

=
1√

2π(2πa)1/4

√
π√

1
4a + i~t/2m

e−x
2/4( 1

4a+i~t/2m) =
(

2a
π

)1/4
e−ax

2/(1+2i~at/m)√
1 + 2i~at/m

.

(c)

Let θ ≡ 2~at/m. Then |Ψ|2 =

√
2a
π

e−ax
2/(1+iθ)e−ax

2/(1−iθ)√
(1 + iθ)(1− iθ)

. The exponent is

− ax2

(1 + iθ)
− ax2

(1− iθ)
= −ax2 (1− iθ + 1 + iθ)

(1 + iθ)(1− iθ)
=
−2ax2

1 + θ2
; |Ψ|2 =

√
2a
π

e−2ax2/(1+θ2)

√
1 + θ2

.

Or, with w ≡
√

a

1 + θ2
, |Ψ|2 =

√
2
π
we−2w2x2

. As t increases, the graph of |Ψ|2 flattens out and broadens.

| |2 | |2

x x
t = 0 t > 0
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(d)

〈x〉 =
∫ ∞
−∞

x|Ψ|2dx = 0 (odd integrand); 〈p〉 = m
d〈x〉
dt

= 0.

〈x2〉 =

√
2
π
w

∫ ∞
−∞

x2e−2w2x2
dx =

√
2
π
w

1
4w2

√
π

2w2
=

1
4w2

. 〈p2〉 = −~2

∫ ∞
−∞

Ψ∗
∂2Ψ
∂x2

dx.

Write Ψ = Be−bx
2
, where B ≡

(
2a
π

)1/4 1√
1 + iθ

and b ≡ a

1 + iθ
.

∂2Ψ
∂x2

= B
∂

∂x

(
−2bxe−bx

2
)

= −2bB(1− 2bx2)e−bx
2
.

Ψ∗
∂2Ψ
d∂x2

= −2b|B|2(1− 2bx2)e−(b+b∗)x2
; b+ b∗ =

a

1 + iθ
+

a

1− iθ
=

2a
1 + θ2

= 2w2.

|B|2 =

√
2a
π

1√
1 + θ2

=

√
2
π
w. So Ψ∗

∂2Ψ
∂x2

= −2b

√
2
π
w(1− 2bx2)e−2w2x2

.

〈p2〉 = 2b~2

√
2
π
w

∫ ∞
−∞

(1− 2bx2)e−2w2x2
dx

= 2b~2

√
2
π
w

(√
π

2w2
− 2b

1
4w2

√
π

2w2

)
= 2b~2

(
1− b

2w2

)
.

But 1− b

2w2
= 1−

(
a

1 + iθ

)(
1 + θ2

2a

)
= 1− (1− iθ)

2
=

1 + iθ

2
=

a

2b
, so

〈p2〉 = 2b~2 a

2b
= ~2a. σx =

1
2w

; σp = ~
√
a.

(e)

σxσp =
1

2w
~
√
a =

~
2

√
1 + θ2 =

~
2

√
1 + (2~at/m)2 ≥ ~

2
. X

Closest at t = 0, at which time it is right at the uncertainty limit.

Problem 2.23

(a)

(−2)3 − 3(−2)2 + 2(−2)− 1 = −8− 12− 4− 1 = −25.

(b)

cos(3π) + 2 = −1 + 2 = 1.

(c)

0 (x = 2 is outside the domain of integration).
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Problem 2.24

(a) Let y ≡ cx, so dx =
1
c
dy.

{
If c > 0, y : −∞→∞.
If c < 0, y :∞→ −∞.

}
∫ ∞
−∞

f(x)δ(cx)dx =


1
c

∫∞
−∞ f(y/c)δ(y)dy = 1

cf(0) (c > 0); or

1
c

∫ −∞
∞ f(y/c)δ(y)dy = − 1

c

∫∞
−∞ f(y/c)δ(y)dy = − 1

cf(0) (c < 0).

In either case,
∫ ∞
−∞

f(x)δ(cx)dx =
1
|c|
f(0) =

∫ ∞
−∞

f(x)
1
|c|
δ(x)dx. So δ(cx) =

1
|c|
δ(x). X

(b) ∫ ∞
−∞

f(x)
dθ

dx
dx = fθ

∣∣∣∣∞
−∞
−
∫ ∞
−∞

df

dx
θdx (integration by parts)

= f(∞)−
∫ ∞

0

df

dx
dx = f(∞)− f(∞) + f(0) = f(0) =

∫ ∞
−∞

f(x)δ(x)dx.

So dθ/dx = δ(x). X [Makes sense: The θ function is constant (so derivative is zero) except at x = 0, where
the derivative is infinite.]

Problem 2.25

ψ(x) =
√
mα

~
e−mα|x|/~2

=
√
mα

~

{
e−mαx/~2

, (x ≥ 0),
emαx/~2

, (x ≤ 0).

〈x〉 = 0 (odd integrand).

〈x2〉 =
∫ ∞
−∞

x2|ψ|2dx = 2
mα

~2

∫ ∞
0

x2e−2mαx/~2
dx =

2mα
~2

2
(

~2

2mα

)3

=
~4

2m2α2
; σx =

~2

√
2mα

.

dψ

dx
=
√
mα

~

−
mα
~2 e

−mαx/~2
, (x ≥ 0)

mα
~2 e

mαx/~2
, (x ≤ 0)

 =
(√

mα

~

)3 [
−θ(x)e−mαx/~2

+ θ(−x)emαx/~2
]
.

d2ψ

dx2
=
(√

mα

~

)3 [
−δ(x)e−mαx/~2

+
mα

~2
θ(x)e−mαx/~2

− δ(−x)emαx/~2
+
mα

~2
θ(−x)emαx/~2

]
=
(√

mα

~

)3 [
−2δ(x) +

mα

~2
e−mα|x|/~2

]
.

In the last step I used the fact that δ(−x) = δ(x) (Eq. 2.142), f(x)δ(x) = f(0)δ(x) (Eq. 2.112), and θ(−x) +
θ(x) = 1 (Eq. 2.143). Since dψ/dx is an odd function, 〈p〉 = 0.

〈p2〉 = −~2

∫ ∞
−∞

ψ
d2ψ

dx2
dx = −~2

√
mα

~

(√
mα

~

)3 ∫ ∞
−∞

e−mα|x|/~2
[
−2δ(x) +

mα

~2
e−mα|x|/~2

]
dx

=
(mα

~

)2
[
2− 2

mα

~2

∫ ∞
0

e−2mαx/~2
dx

]
= 2

(mα
~

)2
[
1− mα

~2

~2

2mα

]
=
(mα

~

)2

.

Evidently

σp =
mα

~
, so σxσp =

~2

√
2mα

mα

~
=
√

2
~
2
>

~
2
. X
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Problem 2.26

Put f(x) = δ(x) into Eq. 2.102: F (k) =
1√
2π

∫ ∞
−∞

δ(x)e−ikxdx =
1√
2π
.

∴ f(x) = δ(x) =
1√
2π

∫ ∞
−∞

1√
2π
eikxdk =

1
2π

∫ ∞
−∞

eikxdk. QED

Problem 2.27

(a) V(x)

-a a
x

(b) From Problem 2.1(c) the solutions are even or odd. Look first for even solutions:

ψ(x) =

Ae−κx (x > a),
B(eκx + e−κx) (−a < x < a),
Aeκx (x < −a).

Continuity at a : Ae−κa = B(eκa + e−κa), or A = B(e2κa + 1).

Discontinuous derivative at a, ∆
dψ

dx
= −2mα

~2
ψ(a) :

−κAe−κa −B(κeκa − κe−κa) = −2mα
~2

Ae−κa ⇒ A+B(e2κa − 1) =
2mα
~2κ

A; or

B(e2κa − 1) = A

(
2mα
~2κ

− 1
)

= B(e2κa + 1)
(

2mα
~2κ

− 1
)
⇒ e2κa − 1 = e2κa

(
2mα
~2κ

− 1
)

+
2mα
~2κ

− 1.

1 =
2mα
~2κ

− 1 +
2mα
~2κ

e−2κa;
~2κ

mα
= 1 + e−2κa, or e−2κa =

~2κ

mα
− 1.

This is a transcendental equation for κ (and hence for E). I’ll solve it graphically: Let z ≡ 2κa, c ≡ ~2

2amα ,
so e−z = cz − 1. Plot both sides and look for intersections:

1

z1/c

cz-1

e-z
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From the graph, noting that c and z are both positive, we see that there is one (and only one) solution
(for even ψ). If α = ~2

2ma , so c = 1, the calculator gives z = 1.278, so κ2 = − 2mE
~2 = z2

(2a)2 ⇒ E =

− (1.278)2

8

(
~2

ma2

)
= −0.204

(
~2

ma2

)
.

Now look for odd solutions:

ψ(x) =

Ae−κx (x > a),
B(eκx − e−κx) (−a < x < a),
−Aeκx (x < −a).

Continuity at a : Ae−κa = B(eκa − e−κa), or A = B(e2κa − 1).

Discontinuity in ψ′ : −κAe−κa−B(κeκa+κe−κa) = −2mα
~2

Ae−κa ⇒ B(e2κa+1) = A

(
2mα
~2κ

− 1
)
,

e2κa + 1 = (e2κa − 1)
(

2mα
~2κ

− 1
)

= e2κa

(
2mα
~2κ

− 1
)
− 2mα

~2κ
+ 1,

1 =
2mα
~2κ

− 1− 2mα
~2κ

e−2κa;
~2κ

mα
= 1− e−2κa, e−2κa = 1− ~2κ

mα
, or e−z = 1− cz.

1/c 1/c

1

z

This time there may or may not be a solution. Both graphs have their y-intercepts at 1, but if c is too
large (α too small), there may be no intersection (solid line), whereas if c is smaller (dashed line) there
will be. (Note that z = 0⇒ κ = 0 is not a solution, since ψ is then non-normalizable.) The slope of e−z

(at z = 0) is −1; the slope of (1− cz) is −c. So there is an odd solution ⇔ c < 1, or α > ~2/2ma.

Conclusion: One bound state if α ≤ ~2/2ma; two if α > ~2/2ma.

x xa-a a
-a

Even Odd

α =
~2

ma
⇒ c =

1
2
.

{
Even: e−z = 1

2z − 1 ⇒ z = 2.21772,
Odd: e−z = 1− 1

2z ⇒ z = 1.59362.

E = −0.615(~2/ma2); E = −0.317(~2/ma2).

α =
~2

4ma
⇒ c = 2. Only even: e−z = 2z − 1⇒ z = 0.738835; E = −0.0682(~2/ma2).
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Problem 2.28

ψ =

Aeikx +Be−ikx (x < −a)
Ceikx +De−ikx (−a < x < a)
Feikx (x > a)

 . Impose boundary conditions:

(1) Continuity at −a : Ae−ika +Beika = Ce−ika +Deika ⇒ βA+B = βC +D, where β ≡ e−2ika.

(2) Continuity at +a : Ceika +De−ika = Feika ⇒ F = C + βD.

(3) Discontinuity in ψ′ at −a : ik(Ce−ika −Deika)− ik(Ae−ika −Beika) = − 2mα
~2 (Ae−ika +Beika)

⇒ βC −D = β(γ + 1)A+B(γ − 1), where γ ≡ i2mα/~2k.

(4) Discontinuity in ψ′ at +a : ikFeika − ik(Ceika −De−ika) = − 2mα
~2 (Feika)

⇒ C − βD = (1− γ)F.

To solve for C and D,
{

add (2) and (4) : 2C = F + (1− γ)F ⇒ 2C = (2− γ)F.
subtract (2) and (4) : 2βD = F − (1− γ)F ⇒ 2D = (γ/β)F.{

add (1) and (3) : 2βC = βA+B + β(γ + 1)A+B(γ − 1) ⇒ 2C = (γ + 2)A+ (γ/β)B.
subtract (1) and (3) : 2D = βA+B − β(γ + 1)A−B(γ − 1) ⇒ 2D = −γβA+ (2− γ)B.{
Equate the two expressions for 2C : (2− γ)F = (γ + 2)A+ (γ/β)B.
Equate the two expressions for 2D : (γ/β)F = −γβA+ (2− γ)B.

Solve these for F and B, in terms of A. Multiply the first by β(2− γ), the second by γ, and subtract:[
β(2− γ)2F = β(4− γ2)A+ γ(2− γ)B

]
;
[
(γ2/β)F = −βγ2A+ γ(2− γ)B

]
.

⇒
[
β(2− γ)2 − γ2/β

]
F = β

[
4− γ2 + γ2

]
A = 4βA⇒ F

A
=

4
(2− γ)2 − γ2/β2

.

Let g ≡ i/γ =
~2k

2mα
; φ ≡ 4ka, so γ =

i

g
, β2 = e−iφ. Then:

F

A
=

4g2

(2g − i)2 + eiφ
.

Denominator: 4g2 − 4ig − 1 + cosφ+ i sinφ = (4g2 − 1 + cosφ) + i(sinφ− 4g).

|Denominator|2 = (4g2 − 1 + cosφ)2 + (sinφ− 4g)2

= 16g4 + 1 + cos2 φ− 8g2 − 2 cosφ+ 8g2 cosφ+ sin2 φ− 8g sinφ+ 16g2

= 16g4 + 8g2 + 2 + (8g2 − 2) cosφ− 8g sinφ.

T =
∣∣∣∣FA
∣∣∣∣2 =

8g4

(8g4 + 4g2 + 1) + (4g2 − 1) cosφ− 4g sinφ
, where g ≡ ~2k

2mα
and φ ≡ 4ka.

Problem 2.29

In place of Eq. 2.151, we have: ψ(x) =

 Fe−κx (x > a)
D sin(lx) (0 < x < a)
−ψ(−x) (x < 0)

 .

Continuity of ψ : Fe−κa = D sin(la); continuity of ψ′ : −Fκe−κa = Dl cos(la).

Divide: − κ = l cot(la), or − κa = la cot(la)⇒
√
z2

0 − z2 = −z cot z, or − cot z =
√

(z0/z)2 − 1.
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Wide, deep well: Intersections are at π, 2π, 3π, etc. Same as Eq. 2.157, but now for n even. This fills in the
rest of the states for the infinite square well.

Shallow, narrow well: If z0 < π/2, there is no odd bound state. The corresponding condition on V0 is

V0 <
π2~2

8ma2
⇒ no odd bound state.

2 zz0

Problem 2.30

1 = 2
∫ ∞

0

|ψ|2dx = 2
(
|D|2

∫ a

0

cos2 lx dx+ |F |2
∫ ∞
a

e−2κxdx

)
= 2

[
|D|2

(
x

2
+

1
4l

sin 2lx
)∣∣∣∣a

0

+ |F |2
(
− 1

2κ
e−2κx

)∣∣∣∣∞
a

]
= 2

[
|D|2

(
a

2
+

sin 2la
4l

)
+ |F |2 e

−2κa

2κ

]
.

But F = Deκa cos la (Eq. 2.152), so 1 = |D|2
(
a+

sin(2la)
2l

+
cos2(la)

κ

)
.

Furthermore κ = l tan(la) (Eq. 2.154), so

1 = |D|2
(
a+

2 sin la cos la
2l

+
cos3 la

l sin la

)
= |D|2

[
a+

cos la
l sin la

(sin2 la+ cos2 la)
]

= |D|2
(
a+

1
l tan la

)
= |D|2

(
a+

1
κ

)
. D =

1√
a+ 1/κ

, F =
eκa cos la√
a+ 1/κ

.

Problem 2.31

Equation 2.155 ⇒ z0 = a
~
√

2mV0. We want α = area of potential = 2aV0 held constant as a → 0. Therefore
V0 = α

2a ; z0 = a
~
√

2m α
2a = 1

~
√
mαa → 0. So z0 is small, and the intersection in Fig. 2.18 occurs at very small

z. Solve Eq. 2.156 for very small z, by expanding tan z:

tan z ∼= z =
√

(z0/z)2 − 1 = (1/z)
√
z2

0 − z2.

Now (from Eqs. 2.146, 2.148 and 2.155) z2
0−z2 = κ2a2, so z2 = κa. But z2

0−z2 = z4 � 1⇒ z ∼= z0, so κa ∼= z2
0 .

But we found that z0
∼= 1

~
√
mαa here, so κa = 1

~2mαa, or κ = mα
~2 . (At this point the a’s have canceled, and

we can go to the limit a→ 0.)

√
−2mE

~
=
mα

~2
⇒ −2mE =

m2α2

~2
. E = −mα

2

2~2
(which agrees with Eq. 2.129).
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In Eq. 2.169, V0 � E ⇒ T−1 ∼= 1+ V 2
0

4EV0
sin2

(
2a
~
√

2mV0

)
. But V0 = α

2a , so the argument of the sine is small,

and we can replace sin ε by ε: T−1 ∼= 1 + V0
4E

(
2a
~
)2 2mV0 = 1 + (2aV0)2 m

2~2E . But 2aV0 = α, so T−1 = 1 + mα2

2~2E ,
in agreement with Eq. 2.141.

Problem 2.32

Multiply Eq. 2.165 by sin la, Eq. 2.166 by 1
l cos la, and add:

C sin2 la+D sin la cos la = Feika sin la
C cos2 la−D sin la cos la = ik

l Fe
ika cos la

}
C = Feika

[
sin la+

ik

l
cos la

]
.

Multiply Eq. 2.165 by cos la, Eq. 2.166 by 1
l sin la, and subtract:

C sin la cos la+D cos2 la = Feika cos la
C sin la cos la−D sin2 la = ik

l Fe
ika sin la

}
D = Feika

[
cos la− ik

l
sin la

]
.

Put these into Eq. 2.163:

(1) Ae−ika +Beika = −Feika
[
sin la+

ik

l
cos la

]
sin la+ Feika

[
cos la− ik

l
sin la

]
cos la

= Feika
[
cos2 la− ik

l
sin la cos la− sin2 la− ik

l
sin la cos la

]
= Feika

[
cos(2la)− ik

l
sin(2la)

]
.

Likewise, from Eq. 2.164:

(2) Ae−ika −Beika = − il
k
Feika

[(
sin la+

ik

l
cos la

)
cos la+

(
cos la− ik

l
sin la

)
sin la

]
= − il

k
Feika

[
sin la cos la+

ik

l
cos2 la+ sin la cos la− ik

l
sin2 la

]
= − il

k
Feika

[
sin(2la) +

ik

l
cos(2la)

]
= Feika

[
cos(2la)− il

k
sin(2la)

]
.

Add (1) and (2): 2Ae−ika = Feika
[
2 cos(2la)− i

(
k

l
+
l

k

)
sin(2la)

]
, or:

F =
e−2ikaA

cos(2la)− i sin(2la)
2kl (k2 + l2)

(confirming Eq. 2.168). Now subtract (2) from (1):

2Beika = Feika
[
i

(
l

k
− k

l

)
sin(2la)

]
⇒ B = i

sin(2la)
2kl

(l2 − k2)F (confirming Eq. 2.167).

T−1 =
∣∣∣∣AF
∣∣∣∣2 =

∣∣∣∣cos(2la)− i sin(2la)
2kl

(k2 + l2)
∣∣∣∣2 = cos2(2la) +

sin2(2la)
(2lk)2

(k2 + l2)2.

But cos2(2la) = 1− sin2(2la), so

T−1 = 1 + sin2(2la)
[

(k2 + l2)2

(2lk)2
− 1︸ ︷︷ ︸

1
(2kl)2

[k4+2k2l2+l4−4k2l2]= 1
(2kl)2

[k4−2k2l2+l4]=
(k2−l2)2

(2kl)2
.

]
= 1 +

(k2 − l2)2

(2kl)2
sin2(2la).
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But k =
√

2mE
~

, l =

√
2m(E + V0)

~
; so (2la) =

2a
~
√

2m(E + V0); k2 − l2 = −2mV0

~2
, and

(k2 − l2)2

(2kl)2
=

(
2m
~2

)2
V 2

0

4
(

2m
~2

)2
E(E + V0)

=
V 2

0

4E(E + V0)
.

∴ T−1 = 1 +
V 2

0

4E(E + V0)
sin2

(
2a
~
√

2m(E + V0)
)
, confirming Eq. 2.169.

Problem 2.33

E < V0. ψ =

Aeikx +Be−ikx (x < −a)
Ceκx +De−κx (−a < x < a)
Feikx (x > a)

 k =
√

2mE
~

; κ =

√
2m(V0 − E)

~
.

(1) Continuity of ψ at −a: Ae−ika +Beika = Ce−κa +Deκa.

(2) Continuity of ψ′ at −a: ik(Ae−ika −Beika) = κ(Ce−κa −Deκa).

⇒ 2Ae−ika =
(

1− iκ
k

)
Ce−κa +

(
1 + i

κ

k

)
Deκa.

(3) Continuity of ψ at +a: Ceκa +De−κa = Feika.

(4) Continuity of ψ′ at +a: κ(Ceκa −De−κa) = ikFeika.

⇒ 2Ceκa =
(

1 +
ik

κ

)
Feika; 2De−κa =

(
1− ik

κ

)
Feika.

2Ae−ika =
(

1− iκ

k

)(
1 +

ik

κ

)
Feika

e−2κa

2
+
(

1 +
iκ

k

)(
1− ik

κ

)
Feika

e2κa

2

=
Feika

2

{[
1 + i

(
k

κ
− κ

k

)
+ 1
]
e−2κa +

[
1 + i

(
κ

k
− k

κ

)
+ 1
]
e2κa

}
=
Feika

2

[
2
(
e−2κa + e2κa

)
+ i

(κ2 − k2)
kκ

(
e2κa − e−2κa

)]
.

But sinhx ≡ ex − e−x

2
, coshx ≡ ex + e−x

2
, so

=
Feika

2

[
4 cosh(2κa) + i

(κ2 − k2)
kκ

2 sinh(2κa)
]

= 2Feika
[
cosh(2κa) + i

(κ2 − k2)
2kκ

sinh(2κa)
]
.

T−1 =
∣∣∣∣AF
∣∣∣∣2 = cosh2(2κa) +

(κ2 − k2)2

(2κk)2
sinh2(2κa). But cosh2 = 1 + sinh2, so

T−1 = 1 +
[

1 +
(κ2 − k2)2

(2κk)2︸ ︷︷ ︸
F

]
sinh2(2κa) = 1 +

V 2
0

4E(V0 − E)
sinh2

(
2a
~
√

2m(V0 − E)
)
,
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where F =
4κ2k2 + k4 + κ4 − 2κ2k2

(2κk)2
=

(κ2 + k2)2

(2κk)2
=

(
2mE

~2 + 2m(V0−E)
~2

)2

4 2mE
~2

2m(V0−E)
~2

=
V 2

0

4E(V0 − E)
.

(You can also get this from Eq. 2.169 by switching the sign of V0 and using sin(iθ) = i sinh θ.)

E = V0. ψ =

Aeikx +Be−ikx (x < −a)
C +Dx (−a < x < a)
Feikx (x > a)


(In central region − ~2

2m
d2ψ

dx2
+ V0ψ = Eψ ⇒ d2ψ

dx2
= 0, so ψ = C +Dx.)

(1) Continuous ψ at −a : Ae−ika +Beika = C −Da.

(2) Continuous ψ at +a : Feika = C +Da.

⇒ (2.5) 2Da = Feika −Ae−ika −Beika.

(3) Continuous ψ′ at −a : ik
(
Ae−ika −Beika

)
= D.

(4) Continuous ψ′ at +a : ikFeika = D.

⇒ (4.5) Ae−2ika −B = F.

Use (4) to eliminate D in (2.5): Ae−2ika +B = F − 2aikF = (1− 2iak)F , and add to (4.5):

2Ae−2ika = 2F (1− ika), so T−1 =
∣∣∣∣AF
∣∣∣∣2 = 1 + (ka)2 = 1 +

2mE
~2

a2.

(You can also get this from Eq. 2.169 by changing the sign of V0 and taking the limit E → V0, using sin ε ∼= ε.)

E > V0. This case is identical to the one in the book, only with V0 → −V0. So

T−1 = 1 +
V 2

0

4E(E − V0)
sin2

(
2a
~
√

2m(E − V0)
)
.

Problem 2.34

(a)

ψ =
{
Aeikx +Be−ikx (x < 0)
Fe−κx (x > 0)

}
where k =

√
2mE
~

; κ =

√
2m(V0 − E)

~
.

(1) Continuity of ψ : A+B = F.

(2) Continuity of ψ′ : ik(A−B) = −κF.

⇒ A+B = − ik
κ

(A−B)⇒ A

(
1 +

ik

κ

)
= −B

(
1− ik

κ

)
.

R =
∣∣∣∣BA
∣∣∣∣2 =

|(1 + ik/κ)|2

|(1− ik/κ)|2
=

1 + (k/κ)2

1 + (k/κ)2
= 1.

Although the wave function penetrates into the barrier, it is eventually all reflected.
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(b)

ψ =
{
Aeikx +Be−ikx (x < 0)
Feilx (x > 0)

}
where k =

√
2mE
~

; l =

√
2m(E − V0)

~
.

(1) Continuity of ψ : A+B = F.

(2) Continuity of ψ′ : ik(A−B) = ilF.

⇒ A+B =
k

l
(A−B); A

(
1− k

l

)
= −B

(
1 +

k

l

)
.

R =
∣∣∣∣BA
∣∣∣∣2 =

(1− k/l)2

(1 + k/l)2
=

(k − l)2

(k + l)2
=

(k − l)4

(k2 − l2)2
.

Now k2 − l2 =
2m
~2

(E − E + V0) =
(

2m
~2

)
V0; k − l =

√
2m
~

[
√
E −

√
E − V0], so

R =
(
√
E −

√
E − V0)4

V 2
0

.

(c)

vi
vi vt

vtdt dt

From the diagram, T = Pt/Pi = |F |2vt/|A|2vi, where Pi is the probability of finding the incident particle in the
box corresponding to the time interval dt, and Pt is the probability of finding the transmitted particle in the
associated box to the right of the barrier.

But
vt
vi

=
√
E − V0√
E

(from Eq. 2.98). So T =

√
E − V0

E

∣∣∣∣FA
∣∣∣∣2 . Alternatively, from Problem 2.19:

Ji =
~k
m
|A|2; Jt =

~l
m
|F |2; T =

Jt
Ji

=
∣∣∣∣FA
∣∣∣∣2 lk =

∣∣∣∣FA
∣∣∣∣2
√
E − V0

E
.

For E < V0, of course, T = 0.
(d)

For E > V0, F = A+B = A+A

(
k
l − 1

)(
k
l + 1

) = A
2k/l(
k
l + 1

) =
2k
k + l

A.

T =
∣∣∣∣FA
∣∣∣∣2 lk =

(
2k
k + l

)2
l

k
=

4kl
(k + l)2

=
4kl(k − l)2

(k2 − l2)2
=

4
√
E
√
E − V0(

√
E −

√
E − V0)2

V 2
0

.

T +R =
4kl

(k + l)2
+

(k − l)2

(k + l)2
=

4kl + k2 − 2kl + l2

(k + l)2
=
k2 + 2kl + l2

(k + l)2
=

(k + l)2

(k + l)2
= 1. X
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Problem 2.35

(a)

ψ(x) =
{
Aeikx +Be−ikx (x < 0)
Feilx (x > 0)

}
where k ≡

√
2mE
~

, l ≡
√

2m(E + V0)
~

.

Continuity of ψ ⇒ A+B = F
Continuity of ψ′ ⇒ ik(A−B) = ilF

}
=⇒

A+B =
k

l
(A−B); A

(
1− k

l

)
= −B

(
1 +

k

l

)
;

B

A
= −

(
1− k/l
1 + k/l

)
.

R =
∣∣∣∣BA
∣∣∣∣2 =

(
l − k
l + k

)2

=

(√
E + V0 −

√
E

√
E + V0 +

√
E

)2

=

(√
1 + V0/E − 1√
1 + V0/E + 1

)2

=
(√

1 + 3− 1√
1 + 3 + 1

)2

=
(

2− 1
2 + 1

)2

=
1
9
.

(b) The cliff is two-dimensional, and even if we pretend the car drops straight down, the potential as a function
of distance along the (crooked, but now one-dimensional) path is −mgx (with x the vertical coordinate),
as shown.

V(x)

x

-V0

(c) Here V0/E = 12/4 = 3, the same as in part (a), so R = 1/9, and hence T = 8/9 = 0.8889.

Problem 2.36

Start with Eq. 2.22: ψ(x) = A sin kx+B cos kx. This time the boundary conditions are ψ(a) = ψ(−a) = 0:

A sin ka+B cos ka = 0; −A sin ka+B cos ka = 0.{
Subtract : A sin ka = 0⇒ ka = jπ or A = 0,
Add : B cos ka = 0⇒ ka = (j − 1

2 )π or B = 0,

(where j = 1, 2, 3, . . .).
If B = 0 (so A 6= 0), k = jπ/a. In this case let n ≡ 2j (so n is an even integer); then k = nπ/2a,

ψ = A sin(nπx/2a). Normalizing: 1 = |A|2
∫ a
−a sin2(nπx/2a) dx = |A|2a⇒ A = 1/

√
a.

If A = 0 (so B 6= 0), k = (j − 1
2 )π/a. In this case let n ≡ 2j − 1 (n is an odd integer); again k = nπ/2a,

ψ = B cos(nπx/2a). Normalizing: 1 = |B|2
∫ a
−a cos2(nπx/2a)dx = |B|2a⇒ B = 1/

√
a.

In either case Eq. 2.21 yields E = ~2k2

2m = n2π2~2

2m(2a)2 (in agreement with Eq. 2.27 for a well of width 2a).
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The substitution x→ (x+ a)/2 takes Eq. 2.28 to

√
2
a

sin
(
nπ

a

(x+ a)
2

)
=

√
2
a

sin
(nπx

2a
+
nπ

2

)
=


(−1)n/2

√
2
a sin

(
nπx
2a

)
(n even),

(−1)(n−1)/2
√

2
a cos

(
nπx
2a

)
(n odd).

So (apart from normalization) we recover the results above. The graphs are the same as Figure 2.2, except that
some are upside down (different normalization).

cos( x/2a) sin(2 x/2a) cos(3 x/2a)

Problem 2.37

Use the trig identity sin 3θ = 3 sin θ − 4 sin3 θ to write

sin3

(
πx

a

)
=

3
4

sin
(
πx

a

)
− 1

4
sin
(

3πx
a

)
. So (Eq. 2.28): Ψ(x, 0) = A

√
a

2

[
3
4
ψ1(x)− 1

4
ψ3(x)

]
.

Normalize using Eq. 2.38: |A|2 a
2

(
9
16

+
1
16

)
=

5
16
a|A|2 = 1⇒ A =

4√
5a
.

So Ψ(x, 0) = 1√
10

[3ψ1(x)− ψ3(x)] , and hence (Eq. 2.17)

Ψ(x, t) =
1√
10

[
3ψ1(x)e−iE1t/~ − ψ3(x)e−iE3t/~

]
.

|Ψ(x, t)|2 =
1
10

[
9ψ2

1 + ψ2
3 − 6ψ1ψ3 cos

(
E3 − E1

~
t

)]
; so

〈x〉 =
∫ a

0

x|Ψ(x, t)|2dx =
9
10
〈x〉1 +

1
10
〈x〉3 −

3
5

cos
(
E3 − E1

~
t

)∫ a

0

xψ1(x)ψ3(x)dx,

where 〈x〉n = a/2 is the expectation value of x in the nth stationary state. The remaining integral is

2
a

∫ a

0

x sin
(
πx

a

)
sin
(

3πx
a

)
dx =

1
a

∫ a

0

x

[
cos
(

2πx
a

)
− cos

(
4πx
a

)]
dx

=
1
a

[(
a

2π

)2

cos
(

2πx
a

)
+
(
xa

2π

)
sin
(

2πx
a

)
−
(
a

4π

)2

cos
(

4πx
a

)
−
(
xa

4π

)
sin
(

4πx
a

)∣∣∣∣∣
a

0

= 0.

Evidently then,

〈x〉 =
9
10

(
a

2

)
+

1
10

(
a

2

)
=

a

2
.

Using Eq. 2.39,

〈H〉 = p1E1 + p3E3 =
(

9
10

)
π2~2

2ma2
+
(

1
10

)
9π2~2

2ma2
=

9π2~2

10ma2
.
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Problem 2.38

(a) New allowed energies: En =
n2π2~2

2m(2a)2
; Ψ(x, 0) =

√
2
a

sin
(π
a
x
)
, ψn(x) =

√
2
2a

sin
(nπ

2a
x
)
.

cn =
√

2
a

∫ a

0

sin
(π
a
x
)

sin
(nπ

2a
x
)
dx =

√
2

2a

∫ a

0

{
cos
[(n

2
− 1
) πx
a

]
− cos

[(n
2

+ 1
) πx
a

]}
dx

=
1√
2a

{
sin
[(
n
2 − 1

)
πx
a

](
n
2 − 1

)
π
a

−
sin
[(
n
2 + 1

)
πx
a

](
n
2 + 1

)
π
a

}∣∣∣∣∣
a

0

(for n 6= 2)

=
1√
2π

{
sin
[(
n
2 − 1

)
π
](

n
2 − 1

) −
sin
[(
n
2 + 1

)
π
](

n
2 + 1

) }
=

sin
[(
n
2 + 1

)
π
]

√
2π

[
1(

n
2 − 1

) − 1(
n
2 + 1

)]

=
4
√

2
π

sin
[(
n
2 + 1

)
π
]

(n2 − 4)
=

{
0, if n is even
± 4

√
2

π(n2−4) , if n is odd

}
.

c2 =
√

2
a

∫ a

0

sin2
(π
a
x
)
dx =

√
2
a

∫ a

0

1
2
dx =

1√
2
. So the probability of getting En is

Pn = |cn|2 =


1
2 , if n = 2

32
π2(n2−4)2 , if n is odd
0, otherwise

 .

Most probable: E2 =
π2~2

2ma2
(same as before). Probability: P2 = 1/2.

(b) Next most probable: E1 =
π2~2

8ma2
, with probability P1 =

32
9π2

= 0.36025.

(c) 〈H〉 =
∫

Ψ∗HΨ dx = 2
a

∫ a
0

sin
(
π
ax
) (
− ~2

2m
d2

dx2

)
sin
(
π
ax
)
dx, but this is exactly the same as before the wall

moved – for which we know the answer:
π2~2

2ma2
.

Problem 2.39

(a) According to Eq. 2.36, the most general solution to the time-dependent Schrödinger equation for the
infinite square well is

Ψ(x, t) =
∞∑
n=1

cnψn(x)e−i(n
2π2~/2ma2)t.

Now
n2π2~
2ma2

T =
n2π2~
2ma2

4ma2

π~
= 2πn2, so e−i(n

2π2~/2ma2)(t+T ) = e−i(n
2π2~/2ma2)te−i2πn

2
, and since n2 is

an integer, e−i2πn
2

= 1. Therefore Ψ(x, t+ T ) = Ψ(x, t). QED

(b) The classical revival time is the time it takes the particle to go down and back: Tc = 2a/v, with the
velocity given by

E =
1
2
mv2 ⇒ v =

√
2E
m
⇒ Tc = a

√
2m
E
.

CLICK HERE TO ACCESS THE COMPLETE Solutions

https://testbanks.ac/product/9781107179868-SOLUTIONS-5/


42 CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION

(c) The two revival times are equal if

4ma2

π~
= a

√
2m
E
, or E =

π2~2

8ma2
=
E1

4
.

Problem 2.40

(a) Let V0 ≡ 32~2/ma2. This is just like the odd bound states for the finite square well, since they are the
ones that go to zero at the origin. Referring to the solution to Problem 2.29, the wave function is

ψ(x) =

{
D sin lx, l ≡

√
2m(E + V0)/~ (0 < x < a),

F e−κx, κ ≡
√
−2mE/~ (x > a),

and the boundary conditions at x = a yield

− cot z =
√

(z0/z)2 − 1

with

z0 =
√

2mV0

~
a =

√
2m(32~2/ma2)

~
a = 8.

Referring to the figure (Problem 2.29), and noting that (5/2)π = 7.85 < z0 < 3π = 9.42, we see that there
are three bound states.

(b) Let

I1 ≡
∫ a

0

|ψ|2dx = |D|2
∫ a

0

sin2 lx dx = |D|2
[
x

2
− 1

2l
sin lx cos lx

]∣∣∣∣a
0

= |D|2
[
a

2
− 1

2l
sin la cos la

]
;

I2 ≡
∫ ∞
a

|ψ|2dx = |F |2
∫ ∞
a

e−2κx dx = |F |2
[
−e
−2κx

2κ

]∣∣∣∣∞
a

= |F |2 e
−2κa

2κ
.

But continuity at x = a⇒ Fe−κa = D sin la, so I2 = |D|2 sin2 la
2κ .

Normalizing:

1 = I1 + I2 = |D|2
[
a

2
− 1

2l
sin la cos la+

sin2 la

2κ

]
=

1
2κ
|D|2

[
κa− κ

l
sin la cos la+ sin2 la

]
But (referring again to Problem 2.29) κ/l = − cot la, so

=
1

2κ
|D|2

[
κa+ cot la sin la cos la+ sin2 la

]
= |D|2 (1 + κa)

2κ
.

So |D|2 = 2κ/(1 + κa), and the probability of finding the particle outside the well is

P = I2 =
2κ

1 + κa

sin2 la

2κ
=

sin2 la

1 + κa
.

We can express this in terms of z ≡ la and z0: κa =
√
z2

0 − z2 (page 80),

sin2 la = sin2 z =
1

1 + cot2 z
=

1
1 + (z0/z)2 − 1

=
(
z

z0

)2

⇒ P =
z2

z2
0(1 +

√
z2

0 − z2)
.

So far, this is correct for any bound state. In the present case z0 = 8 and z is the third solution
to − cot z =

√
(8/z)2 − 1, which occurs somewhere in the interval 7.85 < z < 8. Mathematica gives

z = 7.9573 and P = 0.54204.
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Problem 2.41

(a) In the standard notation ξ ≡
√
mω/~x, α ≡ (mω/π~)1/4,

Ψ(x, 0) = A(1− 2ξ)2e−ξ
2/2 = A(1− 4ξ + 4ξ2)e−ξ

2/2.

It can be expressed as a linear combination of the first three stationary states (Eq. 2.59 and 2.62, and
Problem 2.10):

ψ0(x) = αe−ξ
2/2, ψ1(x) =

√
2αξe−ξ

2/2, ψ2(x) =
α√
2

(2ξ2 − 1)e−ξ
2/2.

So Ψ(x, 0) = c0ψ0 + c1ψ1 + c2ψ2 = α(c0 +
√

2ξc1 +
√

2ξ2c2 − 1√
2
c2)e−ξ

2/2 with (equating like powers)
α
√

2c2 = 4A ⇒ c2 = 2
√

2A/α,
α
√

2c1 = −4A ⇒ c1 = −2
√

2A/α,
α(c0 − c2/

√
2) = A ⇒ c0 = (A/α) + c2/

√
2 = (1 + 2)A/α = 3A/α.

Normalizing: 1 = |c0|2 + |c1|2 + |c2|2 = (8 + 8 + 9)(A/α)2 = 25(A/α)2 ⇒ A = α/5.

c0 =
3
5
, c1 = −2

√
2

5
, c2 =

2
√

2
5
.

〈H〉 =
∑
|cn|2(n+

1
2

)~ω =
9
25

(
1
2

~ω
)

+
8
25

(
3
2

~ω
)

+
8
25

(
5
2

~ω
)

=
~ω
50

(9 + 24 + 40) =
73
50

~ω.

(b)

Ψ(x, t) =
3
5
ψ0e
−iωt/2− 2

√
2

5
ψ1e
−3iωt/2+

2
√

2
5
ψ2e
−5iωt/2 = e−iωt/2

[
3
5
ψ0 −

2
√

2
5
ψ1e
−iωt +

2
√

2
5
ψ2e
−2iωt

]
.

To change the sign of the middle term we need e−iωT = −1 (then e−2iωT = 1); evidently ωT = π, or
T = π/ω.
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Problem 2.42

Everything in Section 2.3.2 still applies, except that there is an additional boundary condition: ψ(0) = 0. This
eliminates all the even solutions (n = 0, 2, 4, . . .), leaving only the odd solutions. So

En =
(
n+

1
2

)
~ω, n = 1, 3, 5, . . . .

Problem 2.43

(a) Normalization is the same as before: A =
(

2a
π

)1/4.

(b) Equation 2.103 says

φ(k) =
1√
2π

(
2a
π

)1/4 ∫ ∞
−∞

e−ax
2
eilxe−ikxdx [same as before, only k → k − l] =

1
(2πa)1/4

e−(k−l)2/4a.

Ψ(x, t) =
1√
2π

1
(2πa)1/4

∫ ∞
−∞

e−(k−l)2/4aei(kx−~k2t/2m)︸ ︷︷ ︸
e−l2/4ae

−[( 1
4a+i ~t

2m )k2−(ix+ l
2a )k]

dk

=
1√
2π

1
(2πa)1/4

e−l
2/4a

√
π(

1
4a + i ~t

2m

)e(ix+l/2a)2/[4(1/4a+i~t/2m)]

=
(

2a
π

)1/4 1√
1 + 2i~at/m

e−l
2/4aea(ix+l/2a)2/(1+2ia~t/m).

(c) Let θ ≡ 2~at/m, as before: |Ψ|2 =

√
2a
π

1√
1 + θ2

e−l
2/2ae

a

[
(ix+l/2a)2

(1+iθ) +
(−ix+l/2a)2

(1−iθ)

]
. Expand the term in

square brackets:

[ ] =
1

1 + θ2

[
(1− iθ)

(
ix+

l

2a

)2

+ (1 + iθ)
(
−ix+

l

2a

)2
]

=
1

1 + θ2

[(
−x2 +

ixl

a
+

l2

4a2

)
+
(
−x2 − ixl

a
+

l2

4a2

)
+iθ

(
x2 − ixl

a
− l2

4a2

)
+ iθ

(
−x2 − ixl

a
+

l2

4a2

)]
=

1
1 + θ2

[
−2x2 +

l2

2a2
+ 2θ

xl

a

]
=

1
1 + θ2

[
−2x2 + 2θ

xl

a
− θ2l2

2a2
+
θ2l2

2a2
+

l2

2a2

]
=
−2

1 + θ2

(
x− θl

2a

)2

+
l2

2a2
.

|Ψ(x, t)|2 =

√
2
π

√
a

1 + θ2
e−l

2/2ae
− 2a

1+θ2
(x−θl/2a)2

el
2/2a =

√
2
π
we−2w2(x−θl/2a)2 ,

where w ≡
√
a/(1 + θ2). The result is the same as before, except x→

(
x− θl

2a

)
=
(
x− ~l

m t
)
, so |Ψ|2 has

the same (flattening Gaussian) shape – only this time the center moves at constant speed v = ~l/m.
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(d)

〈x〉 =
∫ ∞
−∞

x|Ψ(x, t)|2dx. Let y ≡ x− θl/2a = x− vt, so x = y + vt.

=
∫ ∞
−∞

(y + vt)

√
2
π
we−2w2y2

dy = vt.

(The first integral is trivially zero; the second is 1 by normalization.)

=
~l
m
t; 〈p〉 = m

d〈x〉
dt

= ~l.

〈x2〉 =
∫ ∞
−∞

(y + vt)2

√
2
π
we−2w2y2

dy =
1

4w2
+ 0 + (vt)2 (the first integral is same as before).

〈x2〉 =
1

4w2
+
(

~lt
m

)2

. 〈p2〉 = −~2

∫ ∞
−∞

Ψ∗
d2Ψ
dx2

dx.

Ψ =
(

2a
π

)1/4 1√
1 + iθ

e−l
2/4aea(ix+l/2a)2/(1+iθ), so

dΨ
dx

=
2ia
(
ix+ l

2a

)
(1 + iθ)

Ψ;

d2Ψ
dx2

=
[

2ia(ix+ l/2a)
1 + iθ

]
dΨ
dx

+
2i2a

1 + iθ
Ψ =

[
−4a2 (ix+ l/2a)2

(1 + iθ)2
− 2a

1 + iθ

]
Ψ.

〈p2〉 =
4a2~2

(1 + iθ)2

∫ ∞
−∞

[(
ix+

l

2a

)2

+
(1 + iθ)

2a

]
|Ψ|2dx

=
4a2~2

(1 + iθ)2

∫ ∞
−∞

[
−
(
y + vt− il

2a

)2

+
(1 + iθ)

2a

]
|Ψ|2dy

=
4a2~2

(1 + iθ)2

{
−
∫ ∞
−∞

y2|Ψ|2dy − 2
(
vt− il

2a

)∫ ∞
−∞

y|Ψ|2dy

+

[
−
(
vt− il

2a

)2

+
(1 + iθ)

2a

]∫ ∞
−∞
|Ψ|2dy

}

=
4a2~2

(1 + iθ)2

[
− 1

4w2
+ 0−

(
vt− il

2a

)2

+
(1 + iθ)

2a

]

=
4a2~2

(1 + iθ)2

{
−1 + θ2

4a
−
[(
−il
2a

)
(1 + iθ)

]2

+
(1 + iθ)

2a

}

=
a~2

1 + iθ

[
−(1− iθ) +

l2

a
(1 + iθ) + 2

]
=

a~2

1 + iθ

[
(1 + iθ)

(
1 +

l2

a

)]
= ~2(a+ l2).

σ2
x = 〈x2〉 − 〈x〉2 =

1
4w2

+
(

~lt
m

)2

−
(

~lt
m

)2

=
1

4w2
⇒ σx =

1
2w

;

σ2
p = 〈p2〉 − 〈p〉2 = ~2a+ ~2l2 − ~2l2 = ~2a, so σp = ~

√
a.

(e) σx and σp are same as before, so the uncertainty principle still holds.

CLICK HERE TO ACCESS THE COMPLETE Solutions

https://testbanks.ac/product/9781107179868-SOLUTIONS-5/


46 CHAPTER 2. THE TIME-INDEPENDENT SCHRÖDINGER EQUATION

Problem 2.44

Equation 2.22 ⇒ ψ(x) = A sin kx+B cos kx, 0 ≤ x ≤ a, with k =
√

2mE/~2.
Even solutions: ψ(x) = ψ(−x) = A sin(−kx) +B cos(−kx) = −A sin kx+B cos kx (−a ≤ x ≤ 0).

Boundary
conditions


ψ continuous at 0 : B = B (no new condition).
ψ′ discontinuous (Eq. 2.125 with sign of α switched): Ak +Ak = 2mα

~2 B ⇒ B = ~2k
mαA.

ψ → 0 at x = a : A sin(ka) + ~2k
mαA cos(ka) = 0⇒ tan(ka) = −~2k

mα .

ψ(x) = A

(
sin kx+

~2k

mα
cos kx

)
(0 ≤ x ≤ a); ψ(−x) = ψ(x).

2 3

tan(ka) -h k
m
2

ka

From the graph, the allowed energies are slightly above

ka =
nπ

2
(n = 1, 3, 5, . . .) so En &

n2π2~2

2m(2a)2
(n = 1, 3, 5, . . .).

These energies are somewhat higher than the corresponding energies for the infinite square well (Eq. 2.27, with
a → 2a). As α → 0, the straight line (−~2k/mα) gets steeper and steeper, and the intersections get closer to
nπ/2; the energies then reduce to those of the ordinary infinite well. As α → ∞, the straight line approaches
horizontal, and the intersections are at nπ (n = 1, 2, 3, . . .), so En → n2π2~2

2ma2 – these are the allowed energies for
the infinite square well of width a. At this point the barrier is impenetrable, and we have two isolated infinite
square wells.

Odd solutions: ψ(x) = −ψ(−x) = −A sin(−kx)−B cos(−kx) = A sin(kx)−B cos(kx) (−a ≤ x ≤ 0).

Boundary conditions

 ψ continuous at 0 : B = −B ⇒ B = 0.
ψ′ discontinuous: Ak −Ak = 2mα

~2 (0) (no new condition).
ψ(a) = 0⇒ A sin(ka) = 0⇒ ka = nπ

2 (n = 2, 4, 6, . . .).

ψ(x) = A sin(kx), (−a < x < a); En =
n2π2~2

2m(2a)2
(n = 2, 4, 6, . . .).

These are the exact (even n) energies (and wave functions) for the infinite square well (of width 2a). The point
is that the odd solutions (even n) are zero at the origin, so they never “feel” the delta function at all.

Problem 2.45

− ~2

2m
d2ψ1

dx2
+ V ψ1 = Eψ1 ⇒ −

~2

2m
ψ2
d2ψ1

dx2
+ V ψ1ψ2 = Eψ1ψ2

− ~2

2m
d2ψ2

dx2
+ V ψ2 = Eψ2 ⇒ −

~2

2m
ψ1
d2ψ2

dx2
+ V ψ1ψ2 = Eψ1ψ2

⇒ −
~2

2m

[
ψ2
d2ψ1

dx2
− ψ1

d2ψ2

dx2

]
= 0.
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But
d

dx

[
ψ2
dψ1

dx
− ψ1

dψ2

dx

]
=

dψ2

dx

dψ1

dx
+ ψ2

d2ψ1

dx2
− dψ1

dx

dψ2

dx
− ψ1

d2ψ2

dx2
= ψ2

d2ψ1

dx2
− ψ1

d2ψ2

dx2
. Since this is

zero, it follows that ψ2
dψ1

dx
− ψ1

dψ2

dx
= K (a constant). But ψ → 0 at ∞ so the constant must be zero. Thus

ψ2
dψ1

dx
= ψ1

dψ2

dx
, or

1
ψ1

dψ1

dx
=

1
ψ2

dψ2

dx
, so lnψ1 = lnψ2 + constant, or ψ1 = (constant)ψ2. QED

Problem 2.46

− ~2

2m
d2ψ

dx2
= Eψ (where x is measured around the circumference), or

d2ψ

dx2
= −k2ψ, with k ≡

√
2mE
~

, so

ψ(x) = Aeikx +Be−ikx.

But ψ(x+ L) = ψ(x), since x+ L is the same point as x, so

AeikxeikL +Be−ikxe−ikL = Aeikx +Be−ikx,

and this is true for all x. In particular, for x = 0 :

(1) AeikL +Be−ikL = A+B. And for x =
π

2k
:

Aeiπ/2eikL +Be−iπ/2e−ikL = Aeiπ/2 +Be−iπ/2, or iAeikL − iBe−ikL = iA− iB, so

(2) AeikL −Be−ikL = A−B. Add (1) and (2): 2AeikL = 2A.

Either A = 0, or else eikL = 1, in which case kL = 2nπ (n = 0,±1,±2, . . .). But if A = 0, then Be−ikL = B,
leading to the same conclusion. So for every positive n there are two solutions: ψ+

n (x) = Aei(2nπx/L) and
ψ−n (x) = Be−i(2nπx/L) (n = 0 is ok too, but in that case there is just one solution). Normalizing:

∫ L
0
|ψ±|2dx =

1⇒ A = B = 1/
√
L. Any other solution (with the same energy) is a linear combination of these.

ψ±n (x) =
1√
L
e±i(2nπx/L); En =

2n2π2~2

mL2
(n = 0, 1, 2, 3, . . .).

The theorem fails because here ψ does not go to zero at ∞; x is restricted to a finite range, and we are unable
to determine the constant K (in Problem 2.45).

Problem 2.47

(a) (i) b = 0 ⇒ ordinary finite square well. Exponential decay outside; sinusoidal inside (cos for ψ1, sin for
ψ2). No nodes for ψ1, one node for ψ2.

x x

1 2

-a
-a

a a
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(ii) Ground state is even. Exponential decay outside, sinusoidal inside the wells, hyperbolic cosine in
barrier. First excited state is odd – hyperbolic sine in barrier. No nodes for ψ1, one node for ψ2.

x xb/2 b/2
-b/2

b/2+a-b/2
-(b/2+a)

-(b/2+a) b/2+a

1 2

(iii) For b� a, same as (ii), but wave function very small in barrier region. Essentially two isolated finite
square wells; ψ1 and ψ2 are degenerate (in energy); they are even and odd linear combinations of the
ground states of the two separate wells.

1 2

x x
-(b/2+a)

-(b/2+a)
-b/2

-b/2
b/2b/2

b/2+a b/2+a

(b) From Eq. 2.157 we know that for b = 0 the energies fall slightly below

E1 + V0 ≈ π2~2

2m(2a)2 = h
4

E2 + V0 ≈ 4π2~2

2m(2a)2 = h

}
where h ≡ π2~2

2ma2
.

For b� a, the width of each (isolated) well is a, so

E1 + V0 ≈ E2 + V0 ≈
π2~2

2ma2
= h (again, slightly below this).

h

h/4

b

E+V0

E  +V

E  +V

0

01

2

[Within each well, d2ψ
dx2 = − 2m

~2 (V0 + E)ψ, so the more curved the wave function, the higher the energy.]

(c) In the (even) ground state the energy is lowest in configuration (i), with b → 0, so the electron tends to
draw the nuclei together, promoting bonding of the atoms. In the (odd) first excited state, by contrast,

the electron drives the nuclei apart.
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Problem 2.48

(a)

dΨ
dx

=
2
√

3
a
√
a
·
{

1, (0 < x < a/2)
−1, (a/2 < x < a)

}
=

2
√

3
a
√
a

[
1− 2θ

(
x− a

2

)]
.

(b)

d2Ψ
dx2

=
2
√

3
a
√
a

[
− 2δ

(
x− a

2

)]
= −4

√
3

a
√
a
δ

(
x− a

2

)
.

(c)

〈H〉 = − ~2

2m

(
− 4
√

3
a
√
a

)∫
Ψ∗δ

(
x− a

2

)
dx =

2
√

3~2

ma
√
a

Ψ∗
(
a

2

)
︸ ︷︷ ︸√

3/a

=
2 · 3 · ~2

m · a · a
=

6~2

ma2
. X

Problem 2.49

(a)

∂Ψ
∂t

=
(
−mω

2~

)[a2

2
(
−2iωe−2iωt

)
+
i~
m
− 2ax(−iω)e−iωt

]
Ψ, so

i~
∂Ψ
∂t

=
[
−1

2
ma2ω2e−2iωt +

1
2

~ω +maxω2e−iωt
]

Ψ.

∂Ψ
∂x

=
[(
−mω

2~

) (
2x− 2ae−iωt

)]
Ψ = −mω

~
(
x− ae−iωt

)
Ψ;

∂2Ψ
∂x2

= −mω
~

Ψ− mω

~
(
x− ae−iωt

) ∂Ψ
∂x

=
[
−mω

~
+
(mω

~

)2 (
x− ae−iωt

)2]
Ψ.

− ~2

2m
∂2Ψ
∂x2

+
1
2
mω2x2Ψ = − ~2

2m

[
−mω

~
+
(mω

~

)2 (
x− ae−iωt

)2]
Ψ +

1
2
mω2x2Ψ

=
[

1
2

~ω − 1
2
mω2

(
x2 − 2axe−iωt + a2e−2iωt

)
+

1
2
mω2x2

]
Ψ

=
[

1
2

~ω +maxω2e−iωt − 1
2
mω2a2e−2iωt

]
Ψ

= i~
∂Ψ
∂t

(comparing second line above). X
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(b)

|Ψ|2 =
√
mω

π~
e
−mω2~

[(
x2+ a2

2 (1+e2iωt)− i~tm −2axeiωt
)

+
(
x2+ a2

2 (1+e−2iωt)+ i~t
m −2axe−iωt

)]

=
√
mω

π~
e−

mω
2~ [2x2+a2+a2 cos(2ωt)−4ax cos(ωt)]. But a2[1 + cos(2ωt)] = 2a2 cos2 ωt, so

=
√
mω

π~
e−

mω
~ [x2−2ax cos(ωt)+a2 cos2(ωt)] =

√
mω

π~
e−

mω
~ (x−a cosωt)2 .

The wave packet is a Gaussian of fixed shape, whose center oscillates back and forth sinusoidally, with
amplitude a and angular frequency ω.

(c) Note that this wave function is correctly normalized (compare Eq. 2.59). Let y ≡ x− a cosωt :

〈x〉 =
∫
x|Ψ|2dx =

∫
(y + a cosωt)|Ψ|2dy = 0 + a cosωt

∫
|Ψ|2dy = a cosωt.

〈p〉 = m
d〈x〉
dt

= −maω sinωt.
d〈p〉
dt

= −maω2 cosωt. V =
1
2
mω2x2 =⇒ dV

dx
= mω2x.

〈−dV
dx
〉 = −mω2〈x〉 = −mω2a cosωt =

d〈p〉
dt

, so Ehrenfest’s theorem is satisfied.

Problem 2.50

(a)

∂Ψ
∂t

=
[
−mα

~2

∂

∂t
|x− vt| − i

(E + 1
2mv

2)
~

]
Ψ;

∂

∂t
|x− vt| =

{
−v, if x− vt > 0
v, if x− vt < 0

}
.

We can write this in terms of the θ-function (Eq. 2.143):

2θ(z)− 1 =
{

1, if z > 0
−1, if z < 0

}
, so

∂

∂t
|x− vt| = −v[2θ(x− vt)− 1].

i~
∂Ψ
∂t

=
{
i
mαv

~
[2θ(x− vt)− 1] + E +

1
2
mv2

}
Ψ. [F]

∂Ψ
∂x

=
[
−mα

~2

∂

∂x
|x− vt|+ imv

~

]
Ψ

∂

∂x
|x− vt| = {1, if x > vt; −1, if x < vt} = 2θ(x− vt)− 1.

=
{
−mα

~2
[2θ(x− vt)− 1] +

imv

~

}
Ψ.

∂2Ψ
∂x2

=
{
−mα

~2
[2θ(x− vt)− 1] +

imv

~

}2

Ψ− 2mα
~2

[
∂

∂x
θ(x− vt)

]
Ψ.
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But (from Problem 2.24(b)) ∂
∂xθ(x− vt) = δ(x− vt), so

− ~2

2m
∂2Ψ
∂x2

− αδ(x− vt)Ψ

=

(
− ~2

2m

{
−mα

~2
[2θ(x− vt)− 1] +

imv

~

}2

+ αδ(x− vt)− αδ(x− vt)

)
Ψ

= − ~2

2m

{
m2α2

~4
[2θ(x− vt)− 1]2︸ ︷︷ ︸

1

−m
2v2

~2
− 2i

mv

~
mα

~2
[2θ(x− vt)− 1]

}
Ψ

=
{
−mα

2

2~2
+

1
2
mv2 + i

mvα

~
[2θ(x− vt)− 1]

}
Ψ = i~

∂Ψ
∂t

(compare [F]). X

(b)

|Ψ|2 =
mα

~2
e−2mα|y|/~2

(y ≡ x− vt).

Check normalization: 2
mα

~2

∫ ∞
0

e−2mαy/~2
dy =

2mα
~2

~2

2mα
= 1. X

〈H〉 =
∫ ∞
−∞

Ψ∗HΨdx. But HΨ = i~
∂Ψ
∂t
, which we calculated above [F].

=
∫ {

imαv

~
[2θ(y)− 1] + E +

1
2
mv2

}
|Ψ|2dy = E +

1
2
mv2.

(Note that [2θ(y)−1] is an odd function of y.) Interpretation: The wave packet is dragged along (at speed
v) with the delta-function. The total energy is the energy it would have in a stationary delta-function
(E), plus kinetic energy due to the motion ( 1

2mv
2).

Problem 2.51

(a)
V(x)

x

(b)
dψ0

dx
= −Aa sech(ax) tanh(ax);

d2ψ0

dx2
= −Aa2

[
− sech(ax) tanh2(ax) + sech(ax) sech2(ax)

]
.
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Hψ0 = − ~2

2m
d2ψ0

dx2
− ~2a2

m
sech2(ax)ψ0

=
~2

2m
Aa2

[
− sech(ax) tanh2(ax) + sech3(ax)

]
− ~2a2

m
A sech3(ax)

=
~2a2A

2m
[
− sech(ax) tanh2(ax) + sech3(ax)− 2 sech3(ax)

]
= −~2a2

2m
A sech(ax)

[
tanh2(ax) + sech2(ax)

]
.

But (tanh2 θ + sech2 θ) =
sinh2 θ

cosh2 θ
+

1
cosh2 θ

=
sinh2 θ + 1

cosh2 θ
= 1, so

= −~2a2

2m
ψ0. QED Evidently E = −~2a2

2m
.

1 = |A|2
∫ ∞
−∞

sech2(ax)dx = |A|2 1
a

tanh(ax)
∣∣∣∣∞
−∞

=
2
a
|A|2 =⇒ A =

√
a

2
.

x

(x)

(c)

dψk
dx

=
A

ik + a

[
(ik − a tanh ax)ik − a2 sech2 ax

]
eikx.

d2ψk
dx2

=
A

ik + a

{
ik
[
(ik − a tanh ax)ik − a2 sech2 ax

]
− a2ik sech2 ax+ 2a3 sech2 ax tanh ax

}
eikx.

− ~2

2m
d2ψk
dx2

+ V ψk =
A

ik + a

{
−~2ik

2m
[
−k2 − iak tanh ax− a2 sech2 ax

]
+

~2a2

2m
ik sech2 ax

−~2a3

m
sech2 ax tanh ax− ~2a2

m
sech2 ax(ik − a tanh ax)

}
eikx

=
Aeikx

ik + a

~2

2m
(
ik3 − ak2 tanh ax+ ia2k sech2 ax+ ia2k sech2 ax

−2a3 sech2 ax tanh ax− 2ia2k sech2 ax+ 2a3 sech2 ax tanh ax
)

=
Aeikx

ik + a

~2

2m
k2(ik − a tanh ax) =

~2k2

2m
ψk = Eψk. QED

As x→ +∞, tanh ax→ +1, so ψk(x)→ A

(
ik − a
ik + a

)
eikx, which represents a transmitted wave.

R = 0. T =
∣∣∣∣ ik − aik + a

∣∣∣∣2 =
(
−ik − a
−ik + a

)(
ik − a
ik + a

)
= 1.
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Problem 2.52

(a) (1) From Eq. 2.133: F +G = A+B.

(2) From Eq. 2.135: F −G = (1 + 2iβ)A− (1− 2iβ)B, where β = mα/~2k.

Subtract: 2G = −2iβA+ 2(1− iβ)B ⇒ B =
1

1− iβ
(iβA+G). Multiply (1) by (1− 2iβ) and add:

2(1− iβ)F − 2iβG = 2A⇒ F =
1

1− iβ
(A+ iβG). S =

1
1− iβ

(
iβ 1
1 iβ

)
.

(b) For an even potential, V (−x) = V (x), scattering from the right is the same as scattering from the left, with
x↔ −x, A↔ G, B ↔ F (see Fig. 2.22): F = S11G+ S12A, B = S21G+ S22A. So S11 = S22, S21 = S12.
(Note that the delta-well S matrix in (a) has this property.) In the case of the finite square well, Eqs. 2.167
and 2.168 give

S21 =
e−2ika

cos 2la− i (k2+l2)
2kl sin 2la

; S11 =
i (l2−k2)

2kl sin 2la e−2ika

cos 2la− i (k2+l2)
2kl sin 2la

. So

S =
e−2ika

cos 2la− i (k2+l2)
2kl sin 2la

(
i (l2−k2)

2kl sin 2la 1
1 i (l2−k2)

2kl sin 2la

)
.

Problem 2.53

(a)

B = S11A+ S12G⇒ G =
1
S12

(B − S11A) = M21A+M22B ⇒M21 = −S11

S12
, M22 =

1
S12

.

F = S21A+ S22G = S21A+
S22

S12
(B − S11A) = − (S11S22 − S12S21)

S12
A+

S22

S12
B = M11A+M12B.

⇒M11 = −detS
S12

, M12 =
S22

S12
. M =

1
S12

(
−det(S) S22

−S11 1

)
. Conversely:

G = M21A+M22B ⇒ B =
1

M22
(G−M21A) = S11A+ S12G⇒ S11 = −M21

M22
; S12 =

1
M22

.

F = M11A+M12B = M11A+
M12

M22
(G−M21A) =

(M11M22 −M12M21)
M22

A+
M12

M22
G = S21A+S22G.

⇒ S21 =
detM
M22

; S22 =
M12

M22
. S =

1
M22

(
−M21 1
det(M) M12

)
.

[It happens that the time-reversal invariance of the Schrödinger equation, plus conservation of probability,
requires M22 = M∗11, M21 = M∗12, and det(M) = 1, but I won’t use this here. See Merzbacher’s Quantum
Mechanics. Similarly, for even potentials S11 = S22, S12 = S21 (Problem 2.52).]

Rl = |S11|2 =
∣∣∣∣M21

M22

∣∣∣∣2 , Tl = |S21|2 =
∣∣∣∣det(M)
M22

∣∣∣∣2 , Rr = |S22|2 =
∣∣∣∣M12

M22

∣∣∣∣2 , Tr = |S12|2 =
1

|M22|2
.
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(b)
A

B

C

D

F

G
xM M1 2(

F
G

)
= M2

(
C
D

)
,

(
C
D

)
= M1

(
A
B

)
, so

(
F
G

)
= M2M1

(
A
B

)
= M

(
A
B

)
, with M = M2M1. QED

(c)

ψ(x) =
{
Aeikx +Be−ikx (x < a)
Feikx +Ge−ikx (x > a)

}
.{

Continuity of ψ : Aeika +Be−ika = Feika +Ge−ika

Discontinuity of ψ′ : ik
(
Feika −Ge−ika

)
− ik

(
Aeika −Be−ika

)
= − 2mα

~2 ψ(a) = − 2mα
~2

(
Aeika +Be−ika

)
.

(1) Fe2ika +G = Ae2ika +B.
(2) Fe2ika −G = Ae2ika −B + i 2mα

~2k

(
Ae2ika +B

)
.

Add (1) and (2):

2Fe2ika = 2Ae2ika + i
2mα
~2k

(
Ae2ika +B

)
⇒ F =

(
1 + i

mα

~2k

)
A+ i

mα

~2k
e−2ikaB = M11A+M12B.

So M11 = (1 + iβ); M12 = iβe−2ika; β ≡ mα

~2k
.

Subtract (2) from (1):

2G = 2B − 2iβe2ikaA− 2iβB ⇒ G = (1− iβ)B − iβe2ikaA = M21A+M22B.

So M21 = −iβe2ika; M22 = (1− iβ). M =
(

(1 + iβ) iβe−2ika

−iβe2ika (1− iβ)

)
.

(d)

M2 =
(

(1 + iβ) iβe−2ika

−iβe2ika (1− iβ)

)
; to get M1, just switch the sign of a: M1 =

(
(1 + iβ) iβe2ika

−iβe−2ika (1− iβ)

)
.

M = M2M1 =
(

[1 + 2iβ + β2(e−4ika − 1)] 2iβ[cos 2ka− β sin 2ka]
−2iβ[cos 2ka− β sin 2ka] [1− 2iβ + β2(e4ika − 1)]

)
.

T = Tl = Tr =
1

|M22|2
⇒

T−1 = [1 + 2iβ + β2(e−4ika − 1)][1− 2iβ + β2(e4ika − 1)]

= 1− 2iβ + β2e4ika − β2 + 2iβ + 4β2 + 2iβ3e4ika − 2iβ3 + β2e−4ika

− β2 − 2iβ3e−4ika + 2iβ3 + β4(1− e−4ika − e4ika + 1)

= 1 + 2β2 + β2(e−4ika + e4ika)− 2iβ3(e−4ika − e4ika) + 2β4 − β4(e−4ika + e4ika)

= 1 + 2β2 + 2β2 cos 4ka+ 2iβ32i sin 4ka+ 2β4 − 2β4 cos 4ka

= 1 + 2β2(1 + cos 4ka)− 4β3 sin 4ka+ 2β4(1− cos 4ka)

= 1 + 4β2 cos2 2ka− 8β3 sin 2ka cos 2ka− 4β4 sin2 2ka
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T =
1

1 + 4β2(cos 2ka− β sin 2ka)2

Problem 2.54

I’ll just show the first two graphs, and the last two. Evidently K lies between 0.9999 and 1.0001

Problem 2.55

The correct values (in Eq. 2.72) are K = 2n + 1 (corresponding to En = (n + 1
2 )~ω). I’ll start by “guessing”

2.9, 4.9, and 6.9, and tweaking the number until I’ve got 5 reliable significant digits. The results (see below)
are 3.0000, 5.0000, 7.0000. (The actual energies are these numbers multiplied by 1

2~ω.)
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Problem 2.56

The Schrödinger equation says − ~2

2mψ
′′ = Eψ, or, with the correct energies (Eq. 2.27) and a = 1, ψ′′+(nπ)2ψ =

0. I’ll start with a “guess” using 9 in place of π2 (that is, I’ll use 9 for the ground state, 36 for the first excited
state, 81 for the next, and finally 144). Then I’ll tweak the parameter until the graph crosses the axis right
at x = 1. The results (see below) are, to five significant digits: 9.8696, 39.478, 88.826, 157.91. (The actual
energies are these numbers multiplied by ~2/2ma2.)
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