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Appendix B Chapter 2

P2.1. In SI units, v(¢) is in m/s and v(¢) is in m/s, and mv and bv(t) are in N = kg m/s?, m is in kg and b is in
kg/s. Therefore A = —b/misins™' and 1= —A"'isins.

P2.2. About x = 0 the function f(x) = tan—! (x) admits the Taylor Series expansion f(x) = x+ O(x>) hence
ctan”! (@ 'y) = caly+0(7) mcay = by.

P2.3. If u(r) = (b/p)y and w(r) = w then

) b P p b_ p_

1+ —y(t)= =ult)+ =w(it)= =5+ =

30+ 2300 = L)+ i) = 25+ Lo
and

(1) =5(1 =€) +yoe

where

b

127%7 y:7+§w:y+G(0)w.

Consequently with yp =y
Y0 = G+GO)#) (1—e M) e M =54 (1= O/ Go)w
and
AV(t) = y(1) = yo = y(1) =y = (1 =~ /™) G(0) .
P2.4. With Newton’s second law help we write
my=F =mg— b,
or mv+by = mg.

P2.5. The solution to the first-order differential equation from P2.4 is

v(t):17(1_elf)_i_v(o)eJu7 l:_a7 \7=7.

If m = lkg, g = 10m/s?, b = 10kg/s then
V:@:lm/s, 7L:7ﬁ:710s’1
b m
with which
v(t) =1+ (v(0) — 1)1,

The responses when v(0) = 0, v(0) = 1m/s, and v(0) = — I m/s should be as in the following plot:
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P2.6. The vertical position is obtained after integrating the solution to problem P2.5 as in

x(t) =x(0)+/0tv(r)dr=x(0)+/0t1+(v(0)_1)67101dr

_ ((0)—1) 101
7x(0)+t+T(l —em 10,

It is related to the height measured from the ground through

h(r) = h(0) —x(r)

The responses when x(0) = 0, 2(0) = 1 and v(0) = 0, v(0) = 1m/s, and v(0) = —Im/s should be as in the
following plots:
1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

P2.7. Differentiate the given expression for v(r) and substitute into the differential equation.
P2.8. The terminal velocity in the free-fall and the parachute phases can be calculated using

lim v(r) = lim 7 (1 —*) +v(0) e * =9

t—yo0
where
b mg
A=——, J= .
m Y b

In this problem m = 70kg, g = 10m/s?, and

V¢ = 200km/h =~ 56m/s

during free-fall and

V. = 20km/h =~ 5.6m/s
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after the parachute opens. From these we calculate

mg 700 mg 700
b= —=— ~ 12.6kg/s b, = =2 = — =~ 126kg/s
T g8 TS T 56 &
with which
b
Ar=—L~—0187" A =—L~—185"
m m
The time constants in each phase are
T = fzjr‘ ~5.5s, T, =—A1 ~0.55s.

Assuming that the speed at free-fall is close to ¥y when the parachute opens we can calculate
ve(t) = 7o (1= Xy 4 e !
from which the time necessary to reach 29km/h is
V() = P (1 — ") 47y~ = 29km/h ~ 8m/s.

or

. 1 8-5.6
564+ (56—-5.6)e ¥ ~8ms — rfx——1o

18%856 56178

so the parachute should be opened at least 1.7s prior to landing.
As for the height we calculate

he(t) = he(0) —xc(t) = he(0) — x(0) — Vet + (f}'f}’i})(l 7316,)

c

where t = 0 is the moment the parachute opens and x.(0) can be considered equal to 0. If after t* ~ 1.7s we
have landed then £ (t*) = 0 and

(56—5.6)

he(0) = 5.6 x 1.7+ -

(1—e 17y 5.6 % 1.7+428 x 0.95 ~ 36m

is the minimum height at which the parachute can be opened.
If the dive starts at 4km or 4000m with zero vertical velocity and the parachute is opened after 60s, at that
point the diver should be at the heigth

Iy (60) = hy(0) —x7(0) — 7 x 60+ (”f(o,ﬂif’ﬁf")(l )

56
=4000—0—56x 60+ = (1 — ¢ 018x60) ~ 975m
From that height the fall will continue until

0= he(0) —x(0) — 7t + (ﬁfl;v“)u — ekt

(5675.6;

=975—-0-5.6¢
+ 1.8

(1 78—1.8><t)

This is approximately 975/5.6 ~ 176s. One can solve the nonlinear equation for a more accurate solution of
about 181s. The total time airborne is approximately 60 4 181 = 240s, that is 4 minutes.

P2.9. The terminal velocity in the free-fall and the parachute phases can be calculated using

As in P2.8, m = 70kg, g = 10m/s?, and

v = 200km/h ~ 56m/s
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during free-fall and
Ve = 20km/h ~ 5.6m/s
after the parachute opens. From these we calculate
mg 700 5 mg 700 5
br=—==— ~0.227kg/ b, = —= = — ~22.7kg/
TR s s ‘TR T5e &s

with which
b b
Ap=—L~-036 A=-L~-36.
m m

Because the system is now nonlinear we have to calculate the time constants based on the definition, that
is T is the time at which, starting from v(0) =0,

v(t)=(1—e ¥
that is
1 At 5
Jri:l—e’l, a:v(O) Y:—l,
1—aeM v(0) +7
which implies
7=—2""In(2e—1).
Using this formula the time constants in each phase are
1'f=—7tf’1 ~4.1s, T, =—A ' ~0.41s.

Assuming that the speed at free-fall is close to s when the parachute opens we can calculate

1 Act Tr—7.
ve(t) = %5 a=d"" ~082
1—oeht Vr + 7,

from which the time necessary to reach v(*) = 29km/h is

VC(I*) — Ve

7(%&*) 50 a) ~0.42s,

=" ln(

so the parachute should be opened at least 0.42s prior to landing.
In order to calculate the height we first integrate

t 27, 1-
xc(t):xC(O)-i-/O Ve(T)dT = x0(0) + ¥ot + ;« In (ﬁ)

then calculate for 1 =%, h.(1*) = 0, and x.(0) = 0, the quantity
he(0) = he(t*) +xc(17) = xe(1") ~ 6.9m,

which is the minimum height at which the parachute can be opened.
If the dive starts at 4km or h7(0) = 4000m with zero vertical velocity and the parachute is opened after
60s, at that point the diver should be at the heigth

N 2\7f l—o
hy(60) = hy(0) —xs(0) — 60+ e (W

> ~ 880m
From that height the fall will continue until
0="hc(t) = he(0) —xc (1)

N 2V, 1-a
_880707vft+/l—cln <m>

This is approximately 880/5.6 ~ 159s. One can solve the nonlinear equation for a more accurate solution of
about 58s. The total time airborne is approximately 60 + 158 = 228s, that is a bit less than 4 minutes.
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P2.10. At the inertia J;
Jroy =1+ firi—far,
and at the inertia J,
Jn = fory— fir.
Since the inertias are coupled by a belt, the linear speeds must be the same:
o =mmr = o= (n/rn)o.
Multiplying the first equation by r» and the second by r; we obtain

i@y =nt+ firirn— farr,
riJa @ = foarir2 — firr.

Adding these together:
rJi @y +riJy @ =nT.
Subsitituting @, = (r1/r2) @;:
raJi @y +r%/r2J2 @) =T,
and multiplying by r»
(i3 +hr}) o =t
P2.11. From P2.10
r(f=fi) =l
so fo = fi only if @y = (r;/r2) @ =0, that is at constant speed.
P2.12. At the inertia J;
Jror+bioy =1+ firi—fari,
and at the inertia J;
D@ +brywy = for— fir.
Since the inertias are coupled by a belt, the linear speeds must be the same, that is
o =mmr, = ;= (rn/r)o.
Multiplying the first equation by r, and the second by r; we obtain

rJ1 @ + b1y =T+ firir —farir,

12 @ +ribyy = foriry — firir.
Adding these together:
r2J1 @1 +r1J2 @2 + b @) + 11y = 12T
Substituting @, = (r1/r2) o1,
rody @1 413/ rady @y 4 raby @) 4 13 /by = 1T,
and multiplying by r,

(Jlr% +J2r%) ) + (bl"% +b2r%) W] = r%T.
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P2.13. The solution to the first-order differential equation from P2.12 when 7 = 7 is constant is
o (1) =@ (1—e*)+w(0)e ™,

where

2 2 2
_ 7b|r2+b2r1 rs

T O =—52—1.
J|r§+J2rf ! blr%-'rbzr]z
If T = IN m, r; = 25mm, r, = 500mm, b; = 0.01kg m?/s, b = 0.1kg m?/s, J; = 0.0031kg m?, J, = 25kg m?,
then

@ ~ 98rad/s, A~ —0.165"".

Because we are interested in @, we first calculate @; then @, (¢) = (1 /r2) ) (¢). Note that the initial condition

must also be translated as @, (0) = (r2/r1)@,(0).
The responses when @, (0) = 0, @, (0) = 3rad/s, and @, (0) = 6rad/s should be as in the following plot:
6
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o
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o
o
o
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o

P2.14. In order to achieve a desired rotational speed @, = 4rad/s in steady-state we set a desired rotational
speed @ = (r2/r1) @ and calculate

i blrngerl _
T=T= 5 1
)
Substituting the data we obtain
bir3+b
@ = (r2/r) @ = 80radss, £= 2200 G 08N m.
r

The responses when @, (0) = 0, @, (0) = 3rad/s, and @, (0) = 6rad/s should be as in the following plot:

6
w 4 =
i)
g — 0=
« e 15 (0) = 3
3 2 ——(0) =6
- -
0 Il Il Il Il Il I}
0 10 20 30 40 50 60

P2.15. In this case the control would continue to be
_ blr%+b2r% r o
T=T=—"5——

ry r

while the velocity would converge to

2
- o r; _ 1
o =—a 2 T=

r

S B— D, ~ 0.83@; ~ 3.3radss.
1212+ 627 127 @27 2. oradls

The rate of convergence would also become faster since

B blr% +b2rf

A=—-12—5——
Jﬂ%#’]gf% ’
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would also be 20% larger.
The responses when @, (0) = 0, @, (0) = 3rad/s, and @, (0) = 6rad/s should be as in the following plot:
6

— )
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[ T
o wo

— ()
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P2.16. The connection of the model
(W3 + D) b+ (b +bard) o = 37T
with the controller
T=K(@ — )= (r/r)K(® — o)
where @ = (r2/r1) @ produces the closed-loop differential equation
(173 + D22 @1 + (173 +bor? + 111 K) 0 = rir K @.
The solution to this equation is

@1 (1) = @ (1 — ™)+ o (0)e ™,

where
N rirn K@ b]}’%-}-bzr%-‘rr]}’zK
O = s A= T 7202y
b1 +byr? + i K (Jiry +Jari)
The closed-loop time-constant is
1 Jlr§+J2r]2

T=— = = =1 .
b1r§+b2r%+r1r2K

Be careful not to confuse the time-constant with the torque! We want to select the control gain K to set 7 = 3s.
Using the data from P2.13

_ 0B +hR)/T- (A4 b))

K ~0.23
rr;
In open-loop the time-constant is
I3 +Dor?
T=-A""'= % ~ 6.4s
b1r2 +b2r1
The steady state error is
@ — @ = (r1/r2) (&1 — @)
_ rinKa
= @ —
(rl/rZ) < ! b1r§+b2r%+r1r2K>
b1r2 +b2r2
:(rl/rz)—b > 2 5 1
175 +bory +rinkK
1 _
=(r/r2) @

L+rr K/ (b1} +byr})
Substituting the data

@ — @ ~ 1.9rad/s
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The closed-responses when v (0) = 0, v (0) = 1m/s, and v; (0) = —1m/s should be as in the following plot:

P2.17. In closed-loop the gain would remain the same and the steady-state error would be

1
1+r1mK/(1.2(b173 +bor?))

Dy — @ = (r1/r) @ ~ 2.1rad/s
which is less than a 10% change.
The time-constant would also

= J]V%-&-er%

= ~2.7s
1.2(b|r§ +b2rf) +rnkK

which is also less than a 10% change. As expected, in closed-loop the sensitivity to system parameter variation
is reduced.

The closed-responses when v;(0) = 0, v (0) = 1m/s, and v;(0) = —1m/s should be as in the following
plot:
6
] o e R T iR
i)
g —_—(0)=0
o —_—w(0) =3
32 W (0)=6]
0 1 1 1 1 - |
20 30 40 50 60

P2.18. At the inertia J;
Jior+b1oy =T+r(fi — f2)
and at the inertia J,
Jr @ +bron =r(fa— f3).
Since the inertias are coupled by a belt, the linear speeds must be the same, that is
Or=mr = Mm=0 =0
Similarly
Vi =0r, v)=—0r
so that at the masses

rm @ =mvy =mg+f3— fi,

rmy@ = —mpvy = —mag + fo — fa.
Multiplying the last two equations by r and adding to the first two equations we obtain

(h + D+ rPm +r2m2)d)+ (b1 +b2)w="1+gr(m —my).
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P2.19. The solution to the first-order differential equation from P2.18 when 7 =0 is

bi+b
o(t) = o(0)e ™, P e S
Ji+h+r (m1 +m2)

If T=0Nm, r = 1m, b; = by = 120kg m>/s, J; = Jo = 20kg m?, then
A~ —0.16s7"

Because we are interested in vy we first calculate @ then v; (1) = re(r). Note that the initial condition must
also be translated as ©(0) = v;(0)/r.

The responses when v (0) = 0, v (0) = 1m/s, and v; (0) = —1m/s should be as in the following plot:
1
05
Q
E o —_—, =0
> —_—,(0)=1
05 v,(0) =-1
- L L L L L |
0 10 20 30 40 50 60

t(s)

P2.20. In this case there is a net torque due to the difference between the masses m; and my. The solution to
the first-order differential equation from P2.18 is then

o)=0(1—e")+w0)e ™,
where

— b1 +b
cb:grml my 1+b

bi+by T WA b2 (m m)

Substituting the problem data
@ ~ 8.33rad/s, A~ —0.13s"",

As before, we first calculate @(¢) then vy (1) = reo(z).

Note that because mass m, is now smaller than mass m; the masses will no longer converge to zero
velocities. Without braking, the mass m; would move to the bottom of the elevator.

The responses when v (0) = 0, v (0) = 1m/s, and v; (0) = —1m/s should be as in the following plot:

10

@z 5
E v,(0)=0
> 0 v (0)=1
v,(0)=-1
5 I I I I I |
0 10 20 30 40 50 60

P2.21. In order to achieve a desired linear speed ¥; = 2m/s in steady-state we set a desired rotational speed
® = @ = v /r and calculate

T=T=(b1+by)@—gr(m —my).
Substituting the data we obtain
T = (b1 +by) ®=480N m.

Note that the required torque is relatively small, since my = m; and it only has to overcome friction.
The responses when v (0) = 0, v; (0) = 1m/s, and v; (0) = —1m/s should be as in the following plot:
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JE—Ti
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P2.22. Proceed as in P2.21 to show that the responses when my = 800kg, 7 is as in P2.21 and v;(0) =0,
v1(0) = lm/s, and v (0) = —1m/s should be as in the following plot:
15

— 0

v, (m/s)

0
____________________ —(0) =1

v (0)

-_-

-1

Il Il Il I
30 40 50 60
t(s)
Note that the final velocity is no longer the desired velocity ¥; = 2m/s. In order to achieve a desired speed
we need to recalculate

T=7T= (bl +b2)(D—gr(m1 —mz) = —1520N m.

The torque necessary to keep the velocity at 1m/s is now a breaking torque since m; is lighter than m. It is
also now much higher when compared to P2.21 since it also has to support the mismatch between the masses
mg and mj.

The response with the modified torque should be as in the following plot:

—1(0)

v, (m/s)

0
—(0) =1
v1(0)

-_-

q 1 1 1 1 1 ]
0 10 20 30 40 50 60

t(s)
that looks very much like the response obtained in P2.21 except for a slightly smaller A = —0.1304 when
compared with A = —0.1176 from P2.21.

-1

P2.23. The connection of the model
(L + D2+ P2my +P2my) 0+ (by 4+ by) © = T+ gr(my —my)
with the controller
T=K({@ —vi)=rK(®— o)
where @ = rv; produces the closed-loop differential equation
(1 + D42 my +rPmy) @4 (by +by + 1K) 0 = rK® + gr (my —my).
The solution to this equation is
o(t)=d(1—e)+w(0)e ™,
where

d)irKcZ)Jrgr(mlme) P by +by+rK
bi+by+rkK ' Ji+Jy+r(mp+my)’
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The closed-loop time-constant is

1 Ji+Jp 12 (my +my)
T=A =" v 2
by +by+rK
Be careful not to confuse the time-constant with the torque! We want to select the control gain K to set T = 5s.
Using the data from P2.19

Ko Vi +Jz+r2(m| +my)]/T— (b1 +b2)
r

~ 168

In open-loop the time-constant is

2
o Ji+J2+r=(myp +ma) ~8.5s
by +by

The steady state error is

V=V =r(®—
-~ rKa)+gr(m1 my)
B bi+by+rK
(b1 +b2)® — gr(my —my)
by +by+rkK

- 1 (I)fgr2<mlim2)/(bl+b2)
14+rK/(by +b2) 14rK/(b1 +b2)

Substituting the data

Vv — v ~ 1.18m/s

The closed-responses when v;(0) = 0, v;(0) = 1m/s, and v;(0)

—1m/s should be as in the following
plot:

v, (m/s)

P2.24. The solution is as in P2.23 with T = 0.5s. The relevant quantities are:

K ~ 3840,
T~ 8.5s (open-loop),
V1 — v ~0.12m/s

Note how high the gain is. This high gain will produce high closed-loop torques that the motors might
have trouble delivering.

The closed-responses when v;(0) = 0, v;(0) = 1m/s, and v;(0) = —1m/s should be as in the following
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P2.25. Using the data from P2.23 and m, = 800kg we recalculate the control gain

K- i+ + 72 (my +mp) /T — (b +by)

~ 128

and the steady state error

_ N 1 _ (ml —mz)/(b1 +b2)
-V =r—0—gr'————————> ~ —4.13m/s.
Vi r1+rK/(b|+b2)w 8 1+rK/(by+b2) mis

The open-loop time-constant is

e _a-l= 11+J2+r2(m1+m2)

~7.67s
b1+ by

The closed-responses when v;(0) = 0, v (0) = 1m/s, and v;(0) = —1m/s should be as in the following
plot:

10
% 5
£ — 0
> 0

—_—(0

v1(0)

=

-_-—

50 60

P2.26. The solution is as in P2.25 with 7 = 0.5s. The relevant quantities are:

K ~ 3440,
T~ 8.5s (open-loop),
V1 — v ~ —0.41m/s

Note how high the gain is. This high gain will produce high closed-loop torques that the motors might
have trouble delivering.

The closed-responses when v;(0) = 0, v;(0) = 1m/s, and v;(0) = —1m/s should be as in the following
plot:

3
O = - = e e e e e e e e e e e e e e e e e e = = =
Q)
E 1 —_— ) =0
> —_—(0) =1
0 vi(0) = -1
—_—-—
1 I I I I I |
0 10 20 30 40 50 60

t(s)
P2.27. With Newton’s second law help we write
m¥ = f—bx—kAl= f—bx—k(x+x0—{p)

which becomes mi + bx + kx = f with the choice xop = £y. A different choice of x would make the equation
depend on (.

P2.28. With Newton’s second law help we write

mX =mgsin @ — bx — k(x+xo — o)

which is equal to the equation in the statement after the choice of xop = .
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P2.29. Let
x=y+k 'mgsin@, =y, i=y
and substitute into the equation obtained in P2.28 to obtain
my+by—+ky+mgsinf =mgsin6
or
my+by+ky =0.
This means that the constant force provided by gravity does not affect the dynamic behavior of this system.
As expected it shifts the static equilibrium from xo = £y to xo = ¢y + k‘lmgsin 6.

P2.30. With Newton’s second law help we write

mi = —bx—kl (X+X() _ZOJ) +k2(d—x—x0 —W—f()tz)
= —bx— (k1 +k2)x7k1(x0 750,1) +k2(d7x0 — W*K(),z)
= —bx— (k1 +ka)x
after the choice
o= kiloy +ka(d—w—1Lop)
ki +ko '

When d > w+ £y 1 + £o2 both springs are stretched so that the mass experiences tensile forces. When d <
w+ Lo 1 + Lo both springs are compressed so that the mass experiences compressive forces.

P2.31. Yes, a spring with stiffness k = kj + k.
P2.32. With Newton’s second law help we write

mX; = —bix; +b2()€2 7)'(1) —kixy +k2(x2 7)61)
= —(b] +b2)x1 — (kl -‘rkz)X] —byxn —kyxo

and
maky = —by (s —x1) — k2 (x2 —x1) + f
after choosing x; and x; as displacements from equilibrium.
P2.33. With Newton’s second law help we write

mp x| = —b(xl —)52) —k(x1 —xz),

mp Xy = 7b()€2 7)31) 7](()62 7x1).

Because
my m my +my
XL=yid g R TR M:T,
we have
" mymy .. .
m = —by, —kys,
1y1+ m 2 Y2 —Ky2,
L omumy .
my ¥, — =b kys.
2 V1 M 2 V2 +kyz
Adding the two equations:
My, =0,

and subtracting after multiplying the first equation by m; and the second by m; :
mimyy = —(my +my) by — (my +ma) ky,

which are “decoupled”. The first equation is the dynamic of the center of mass (myx; +mpx;)/M and the
second is the dynamics of the body, which we expect to be decoupled from physics.
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P2.34. Using Kirchoff’s voltage and current law:

V=vc+Vg

=vc+Rig

=vc+Ric

=vc+RCve
which is the desired differential equation.

P2.35. The solution to the differential equation from P2.34 when v(¢) = ¥ is constant and under the assumption
of zero initial conditions is
ve(t) = #(1)(1 )
where
1 1
A= = (.15 F=v=10V
RC ™ Tx10°x10x 106 o e

which should be as in the following plot:

10
S
s
>
0 1 1 1 1 1 |
0 10 20 30 40 50 60
t(s)
The current
Cv Ci 10x107%x 10
(1) = ic(1) = Cvc(r) = —7=¢", — = = ImA.
i(r) =ic(t) ve(r) 29 7 01 m
which should be as in the following plot:
1 107
§ 0.5
0 1 1 1 il J
0 10 20 30 40 50 60
t(s)
P2.36. Using Kirchoff’s voltage and current law:
V=vc+Vr+vL
=vc+Rig+Lip
=vc +Ric+ Lic
=vc+RCve + LCvc,

which is the desired equation.
P2.37. Comparing

LCV¢c +RCvc+ve=v

mi+bx+kx=f
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we first normalize

LR L
vc LVC LCVc—LCV,
b k k
jé+f)'c+fx:7[,
m m m k

from which one can simulate the response of the mass-spring-damper system to a scaled force f/k by setting
R, L and C so that

R b 1k
L m LC  m
P2.38. Use the given equations to write:
V= R] iR]
=R (ic, —ic,)

= —R]szig —R]C]\'/
which is the desired equation.

The solution to the auxiliary equation is

2(t) = 2(0) — Rllcz /Ot v(t)dt

and

vo(t) = Ri C12(t) +2(1),
C 1 't
—v(t)— =— | v(r)d7.
&' w0
Multiplying by R; C, and differentiating under the integral

=2(0)—

R szig(l) = —R1C1\>—v(t).

P2.39. From P2.38 With a constant voltage v(¢) = 10 V and zero initial conditions the response looks like
C 1 t
t)=——v(t)— 5— T)dt
vot) ==V - e ), )

1
=—-10— 10/ dt=—10(1+1),
0
Whig% looks like

20
2
-
>
-30 -
-40 1 1 1 1 Il
0 05 1 15 2 25 3
t(s)

P2.40. From the solution to P2.38 when C; = 0 we obtain

vo(t) = 2(¢) = 2(0) — ﬁ | /0 "y(1)dr.

This circuit is an integrator. It can be used as a building block to realize linear systems.
P2.41. Solving for the current
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so that
Jo+bo=r1
=Ktias
_ K KK,
"R R

which is equal to the expression sought after rearranging.
P2.42. The mechanical power is T® = K; i, @ and the electrical power is v.i, = K, ®i,, therefore K; = K,.
P2.43. The differential equation can be rewritten as

o+oawn=Ppv,

where
b KK, B K;
J IR, IR,
The solution to the differential equation when v, = ¥, is constant is
o) =d(1—e) +w(0)e ™, A=-—a, = gv

Knowing that when v, = 12V the time-constant is equal to 0.1s and the terminal velocity is SO00RPM means
that

A=—0o=-1/0.1=—10s", a):ﬁ;“ — 5000RPM,

from which it is possible to estimate

ba _ 5000X10%4166RPM

=10s"! = - .
o= b==. 2 Vs

In ST units

2 rad
= —4166 ~ 436.3 —.
B 60 V s?

There is not enough information to estimate all physical parameters.

P2.44. With knowledge of the stall torque, T, and the motor resistance, R,, we determine

R 02x12

K,
T 12

Nm
~0.02—
A
and from P2.42 K, = K; = 0.02V s/rad.

Since f is already known we calculate
K; 0.02 6 5
=—— = ——"~229.1x 107 °k;
BR,  4363x02 x gm

and

KK, .022
b=aJ— ;e ¢ =10%229.1 x 10*6—00L2 ~291.8 x 10 %kg m?/s.

a .

P2.45. Because

1 KK, , 1 KK,
a=-1|b o = b s
J<+Ra>’ J+J +Ra ’
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we calculate with J' = 0.001kg m? & = 1/0.1 = 10s~! and ' = 1/0.54 ~ 1.86s~!

7o Jd

-1 a-o

A2 227.2 % 10”%kg m?

After determining J we can calculate

K - ocjfiad) _ 10 x 227.2 x 1070 x 0.2 x 275000 ~ 0.02N m
Va 60 x 12 A

and K, = K; = 0.02V s/rad. The last unknown quantity is

0.022

KiK, 6
— =10x2272x107" — ———
X X 02

b=oaJ ~289.4 x 10~%kg m?/s.

a

P2.46. Kirchoff’s voltage law for the circuit is:

Va = Ryig + Loly + K.

The mechanical equation of motion is
JO+bw=1=Ki,
Multiplying by R,
JR, @+ bR, 0 =T = KRyl

and then by L, and differentiating

JLy &+ bL, & = K Lyi,
so that

JLy &+ (bLa+JRy) @ + bRy © = Ky (Laiy + Ruia)
=K (vs — K. o)

which is equal to the expression sought after rearranging.
When L, =0

JR, ®+ (bR, — KiK,) ® = K;v,
which is the equation obtained before multiplied by R,.
P2.47. In P2.43 you calculated the model
O+ aw =Py, a=10s"", B ~436.3 rad/(V s?)
The closed-loop connection of this model with the controller produces the differential equation:
o+ (a+KB)o=KBd
Its solution is
o) =& (1 -+ 0(0)

where

KB ®

A=—(a+KB), Cr KB

IS}
Il

For @ = (27/60)4000 ~ 418.9rad/s the steady-state error is

_ ko ae
a+KB oa+KB

D—0O=00
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In order to obtain
| — @ ||
— = ———<0.1
|@| o+ KB|
we must select
K> 9—(1 ~0.2.
B
The closed-loop time-constant corresponding to K = 0.2 is
1
T=———~0.0Is
oa+KpB *
The response when ®(0) = 0 should be as in the following plot:
600
»40F - - - - - - - - - - - - - - -~ - -~ - -~ - - - ==
S
g
3 200
0 Il Il Il Il Il Il Il Il Il I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t(s)
The corresponding voltage v, (¢) should be as in the following plot:
100
S
= 50
>lﬂ
0 1 1 1 1 1 1 1 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t(s
The maximum value of v,(t) is at = 0 which ii )
va(0) = K(® — w(0)) = K@ ~ 86.4V.
P2.48. We proceed as in P2.47 but this time we select K such that
ve(0) =K <12
when @ = (27/60)4000 ~ 418.9rad/s

12
K< —~0.029

@
The time-constant corresponding to K = 0.029 is

1

T=———=0.044s
o+KpB

The response when @(0) = 0 should be as in the following plot:

21
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The corresponding voltage v,(¢) should be as in the following plot:
12

4 I I I I I I I I I |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t(s)

which, as expected has a maximum voltage v,(0) = 12V. Note that the closed-loop response is now slower.

P2.49. When g, w, T,, and T; are constants the solution to the differential equation is

, 1 1
mceT + <wc+ E) T=q+wcT,~+ET,,.

which has as solution

T() =T (1—e*)+T(0)e
where

Rwc+1 T_Rq+chT,«+7},
Rmc '’ a Rwec+1

A=

P2.50. Withg=0andw=0

1
=715

1
T+—-T=
mc +R R

which has as solution
T()=T(1—*)+T(0)e
where

1

- )
Rmc

A=

T=T,.

With 7(0) = 60°C and T, = 25°C, after 7 days t = 7 x 24 x 3600 = 604800s and
25+ (60—25)e* = T(1) =27

or

[
604300 € 60— 25

from which m =997.1 x 0.19 ~ 189kg, ¢ = 4186J/kg K and

~—4.73%x 107 %71,

1
R=——1 ~0.27K/W
mch

P2.51. In the same conditions as in P2.50, if w =21 x 107°m?/s # 0 and 7; = 25°C
meT + (WC+ l) T=wcT+ lTD.
R R
which has as solution
T(1)=T(1—e*)+T(0)*
where R = 0.27K/W,

Rwce+1
Rmc

A= ~—1153%x10"%"!
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and

RweT; +T,

7o rwelitlo
Rwc+1

If T; = T, = 25°C and T(t) = 27°C then T = T; = T, = 25°C and

—~

1 T()-T
T

log —~t—— ~24
7 og T(0) = 833s

t=

23

or about 6.9hours. Compare this number with the case when no water was flowing through the heater: from 7

days to 7 hours!

P2.52. In the same conditions as in P2.50, if ¢ = 12kW and w =0

o1 1
chJrET:qu ETD.
which has as solution
T()=T(1—e*)+T(0)e
where
1 61
A=——~—-473x10"°s
Rmc
and
T =T,+Rq~3222°C.

If T(0) = 25°C and T (r) = 60°C then

~2 2326s

| =~

or about 39 minutes.

P2.53. With g = 12kW, w =21 x 10~%m3/s # 0 and T; = 25°C
) 1 1
mceT + (wc-i— E) T=qg+wcT;+ ET,,.

which has as solution

T(@)=T(1—e")+T(0)
where R = 0.27K/W,
Rwe+1
A= Rwetl  153% 10765
Rmc
and
5 R RweT, +T,
e welitlo | ys630c
Rwc+1 Rwc+1
so that for 7(0) = 25°C and T'(¢) = 60°C
1 T(t)-T
t= = log —2 " ~ 2690
28T -7 s

or about 45 minutes. This is a 15% increase when compared to the case without flow.
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P2.54. We solve the problem by considering two phases: a) after the heater is turned on at 7 = T = 50°C until

it is turned off at T = T = 60°C; b) after the heater is turned off at 7 = 7 = 60°C until it is turned on at
T=T=50°C.
In the first phase, ¢ = 12kW, w =0, T(0) = T and

1 1
T+ —-T= —Tp.
mc +R q+R 0

which has as solution
T =Ty (1-eM)+TM
where

1
A=——— ~—467x10%"!
Rmc
and
T\ =T, +Rq~ 3265°C.

The heater stays in this phase for

I T-7
t=—1 — & 6675
AT )

or about 11 minutes. The average temperature in this phase is

| o - - T-T
7 =7/]T(r)d7:/IT|+(Z—T1)e“dr=T1+;1(eM — 1)~ 55.0°C.
11 Jo Jo Aty

In the second phase, g =0, w =0, T(0) =T and

1 1
T+-=T=-T,.
mc +R Rl

which has as solution
T(W) =T (1—)+TeM
where A is as before and
T =T, ~25C.
The heater stays in this phase for

1 T-T
Hh= xlog%_fz ~ 720455

or about 1201 minutes or 20 hours. The average temperature in this phase is

1 rh  _ L - T—-T,
T2=—/ T(r)dr:/ Ty+(T—Ty)e* dr =Ty + ——2 (M — 1) = 54.7°C.
1 Jo Jo Aty

The temperature of the water during 24 hours looks like in the plot:
60

50 I I I
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During one complete on/off cycle the average temperature is

_nh+nh

~54.7°C.
t+n
The average power consumption was
=19 0w
i+t

since power is only consumed in phase 1.

25

P2.55. We solve the problem by considering two phases: a) after the heater is turned on at 7 = T = 50°C until
it is turned off at T = T = 60°C; b) after the heater is turned off at T = T = 60°C until it is turned on at

T =T =50°C.
In the first phase, ¢ = 12kW, w = 21 x 10~%m?/s, T(0) = T and

, 1 1
mceT + <wc+ E) T:q+wcT,~+ET,,.

which has as solution

T) =T, (1-eM)+ T

where
R 1
A= _Swer . —1153x 1076~
Rmc
and
- R RweT +T,
P welitlo o yseacc
Rwc+1 Rwc+1
The heater stays in this phase for
1. T-T
t1 = - log —— ~ 857
1=7 OngTl S

or about 14 minutes. The average temperature in this phase is

1 " N . T-T
TI:—/ T(T)d‘c:/ T+ (T —T)e* dr =T+ =L (M —1)~55.1°C.
11 Jo 0 Aty

In the second phase, g =0, w = 21 x 10~%m?/s, T(0) = T and
meT + <w0+ l> T=wcT+ lT,,.
R R
which has as solution
Tt)=Th(1—M)+ T
where A is as before and
Th=T;=T,~25C.

The heater stays in this phase for

1 T-T
n=7log Tz ~2921s

or about 48 minutes. The average temperature in this phase is
T-T

A1)~ 54.7°C.
prs (e )

1] . . -
TZ:I—/ T(r)dr:/ Th+(T-D)t dr=T+
2 J0 0

The temperature of the water during 24 hours looks like in the plot:
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60

50
0 5 10 15 20

t(h)
During one complete on/off cycle the average temperature is
1 1T +61h

th+n

~ 54.8°C.

The average power consumption was

p=_11 ~om3w
1+t

since power is only consumed in phase 1.
This is more than 20 times the amount consumed when there was no flow.

P2.56. Solution is the same as P2.54.
Key quantities in the first phase are:

1

A=——— ~—-467x107%
Rmc

- RweT, +T, .

Ti =Rq+ ————— ~3265°C

! at Rwc+1 ’
1. T-T

=1 — ~ 133

1 R OgZ_Tl S,

. T-T
T =T + =L (e* — 1) &~ 55.0°C.
ltl

In the second phase:
Tz = T, = T,, ~ ZSOC,
1 T-7

= XIOgT—Tz = 14280s,

. T-T
=T+ 2 (M — 1)~ 55.0°C.
ﬂ.lz

The temperature of the water during 24 hours looks like in the plot:
56

54 | | I | | |
0 5 10 15 20

t(h)
During one complete on/off cycle the average temperature is

T— nTi+nh
t+th

~ 55.0°C.

The average power consumption is:

hiq

= ~111W
t+1h
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Compared with P2.54, the temperature is better regulated and there is a slight increase in the consumed
power. Note how the number of cycles has increased since both #; and 7, got smaller.

P2.57. Solution is the same as P2.55.
Key quantities in the first phase are:

Rwe+1
A= Rwerl  53x107%!,
Rmc
3 R RweT,+T,
7 Ra welitlo 1se.40c,
Rwce+1 Rwc+1
1. T-T
Hh=-=1 — ~ 171s,
1=7 OgI—Tl S,

. T-T
T =T+ L(eM —1)~55.0°C.
/11‘1
In the second phase:
T =T,=T,~25C,
H = l
T

T-T
log = 2~ 578s
T-T

. T-T
=T+ 2 (M — 1) & 55.0°C.
A.[z

The temperature of the water during 24 hours looks like in the plot:

T

5 20
t(h)

During one complete on/off cycle the average temperature is

nT T
r-n 1 +0ls
1+t

55.5 |
s |

O
<

MRS

5

0

~55.0°C.

The average power consumption is:
t
p=_"9 0w
H+th
Compared with P2.55, the temperature is better regulated and there is a slight increase in the consumed
power. Note how the number of cycles has increased since both #; and 7, got smaller.
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P3.1. Follows from the fact that the integral is a linear operator.

P3.2. We seek to evaluate:

z{/ r)dr} // (v)dre ™ dr.

Integrating by parts with u = [j- f(7)d7 and dv = e~"dt:

oo

—st  pt oo .
/ / T)dte " dt = _¢ / f(r)dr —/ f@®
a s Jo- o- o-
F —st t =
_FW e feyar
S ) o
If | £(t)| < Me™ then for any s = B + jy
ot / 7)dt| < ‘g—xr‘/ 1)|dt <M‘eﬂz‘/ o gp = M apy
- o

so that for 8 large enough

=0,

efst t had
- /Oif(r)dr

which proves the integration property.

P3.3. We seek to evaluate:

f{%ﬁ”} = /f d{jgt) edr.

Integrating by parts with u = ¢ and dv = %Y)dt:
=df() o i [T s
—L e dt = f(t)e ™| / t)se” ™ dt
|G e ar= ey + [ st
=sF(s)+ f(t)e™ ‘:;,

If | f(t)] < Me™ then for any s = 8 + jy

|f(t)efst| < Me(afﬁ)t
so that for 8 large enough

f@)e™ |5 = £(07),

which proves the differentiation property.


https://testbanks.ac/product/9781107187528-SOLUTIONS-5/

