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Solutions to Chapter 2

2.1. We can set our sample space to be Q = {(a1,a2) : 1 < a; < 6}. We have
#Q = 36 and each outcome is equally likely.

Denote by A the event that at least one number is even and by B the event that
the sum is 8. Then we need P(A|B) which can be computed from the definition as

P(AB

P(A|B) = 525

We have B = {(2,6), (3,5),(4,4), (5,3),(6,2)}, and hence P(B) = % =2
Moreover, AB = {(2,6), (4,4),(6,2)} and hence P(AB) = % =2 = 4. Thus

P(AIB) = TG = B = ¢

5
Since the outcomes are equally likely, we can equivalently find the answer from

P(AIB)=Z£2 = 2.

2.2. A = {second flip is tails} = {(H,T,H),(H,T,T),(T,T,H),(T,T,T)},
B = {at most one tails} = {(H,H, H),(H,H,T),(H,T,H),(T,H,H)}.

g‘::“:;‘»-

Hence AB = {(H,T, H)}, and since we have equally likely outcomes,
P(AB) _ #AB

PE) ~ 4B
2.3. We set the sample space as Q = {1,2,...,100}. We have #Q = 100 and each
outcome is equally likely.

Let A denote the event that the chosen number is divisible by 3 and B denote
the event that at least one digit is equal to 5. Then

P(A|B) =

B ={5,15,25,...,95} U{50,51,...,59}

and #B = 19. (As there are 10 numbers with 5 as the last digit, 10 numbers with
5 at the tens place, and 55 was counted both times.) We also have

AB = {15,45,51,54,57,75}, #AB =6.
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This gives P(A|B) = PP(?BB;) = 169//110000 = %,

2.4. Let A be the event that we picked the ball labeled 5 and B the event that we
picked the first urn. Then we have P(B) = 1/2, P(B¢) = P(we picked the second urn) =
1/2. Moreover, from the setup if the problem

P(A|B) = P(we chose the number 5| we chose from the first urn) = 0,
1
P(A|B¢) = P(we chose the number 5 | we chose from the second urn) = 3

We compute P(A) by conditioning on B and B®:
1 11 1
P(A) = P(A|B)P(B) + P(A|B)P(B) =0- 3 + 3'3-§
2.5. Let A be the event that we picked the number 2 and B the event that we picked
the first urn. Then we have P(B) = 1/5, P(B°¢) = P(we picked the second urn) =
4/5. Moreover, from the setup if the problem
P(A|B) = P(we chose the number 2 | we chose from the first urn) =

)

W =

1
P(A|B€) = P(we chose the number 2| we chose from the second urn) = T

Then we can compute P(A) by conditioning on B and B¢:

P(A) = P(A|B)P(B) + P(A|B*)P(B) = % . % N

4

4_
5 15

1
4
2.6. Define events

A = {Alice watches TV tomorrow} and B = {Betty watches TV tomorrow}.
(a) P(AB) = P(A)P(B|A)=0.6-0.8=0.48.
(b) Intuitively, the answer must be the same 0.48 as in part (a) because Betty

cannot watch TV unless Alice is also watching. Mathematically, this says that
P(B|A°) = 0. Then by the law of total probability,

P(B) = P(B|A)P(A) + P(B|A°)P(A°) = 0.8-0.6+0-0.4 = 0.48.

(¢) P(AB®) = P(A) — P(AB) = 0.6 — 0.48 = 0.12. Or, by conditioning and using
the outcome of Exercise 2.7(a),

P(AB®) = P(A)P(B°|A) = P(A)(1 - P(B|A)) =0.6-0.2 = 0.12.

2.7. (a) By definition P(A°|B) = 5P, We have A°BU AB = B, and the two
sets on the left are disjoint, so P(A°B) + P(AB) = P(B), and P(A°B) =
P(B) — P(AB). This gives

el P(A°B)  P(B)—-P(AB) P(AB)
P(A%|B) = PB) PB) == 5y - 1— P(A|B).

(b) From part (a) we have P(A°|B) = 1 — P(A|B) = 0.4. Then P(A°B) =

P(A°|B)P(B) = 0.4-0.5 = 0.2.

2.8. Let Ay, Ay, A3 denote the events that the first, second and third cards are
queen, king and ace, respectively. We need to compute P(A;AsA3). One could
do this by counting favorable outcomes. But conditional probabilities provide an
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easier way because then we can focus on picking one card at a time. We just have
to keep track of how earlier picks influence the probabilities of the later picks.

We have P(A;) = % = % since there are 52 equally likely choices for the first
pick and four of them are queens. The conditional probability P(As| A1) must
reflect the fact that one queen has been removed from the deck and is no longer
a possible outcome. Since the outcomes are still equally likely, the conditional
probability of getting a king for the second pick is %' Similarly, when we compute
P(A3| A1 Ay) we can assume that we pick a card out of 50 (with one queen and
one king removed) and thus the conditional probability of picking an ace will be

5% = 22—5 Thus the probability of A; A;Ajs is given by
P(A14245) = P(A1)P(A2 | A1) P(A3| A2 A1) = 15 5+ 5 = 15575

2.9. Let C be the event that we chose the ball 3 and D the event that we chose
from the second urn. Then we have

4 1 1 1
P(D)=-, PD°)=-, P{C|D)=-, P({C|D°) ==2.
(D)=, P(D°)=:, P(CID)=5, PCIDY) =
We need to compute P(D|C), which we can do using Bayes’ formula:
P(C|D)P(D 12
P(D|C):PCDP(DC| )P(C)DCPDC ~Tir1 12%
(CID)P(D)+ P(C|De)P(De)  1-5+35-%

2.10. Define events:
A = {outcome of the roll is 4} and By = {the k-sided die is picked}.

Then
P(ANBg) P(A|Bg)P(Bg)
P(A)  P(A|B4)P(By) + P(A|Bs)P(Bs) + P(A|B12) P(Bi2)
_ 6 % _ 1
TIrbhegw
2.11. Let A be the event that the chosen customer is reckless. Let B be the event
that the chosen customer has an accident. We know the following:

P(A) =02, P(A°) =08, P(BJA)=0.04, and P(B|A°)=0.01.

P(Be|A) =

The probability asked for is P(A¢|B). Using Bayes’ formula we get

P(A(B) = P(B|A°)P(A°) _ 0.01 - 0.80 1

P(B[A)P(A) + P(B|A°)P(A°) ~ 0.04-02+0.01-080 2

2.12. (a) A = {X iseven}, B = {X is divisible by 5}. #A = 50, #B = 20 and

AB = {10,20,...,100} so #AB = 10. Thus

P(A)P(B) = % . % = % and P(AB)= % = 11—0

This shows P(A)P(B) = P(AB) and verifies the independence of A and B.

(b) C = {X has two digits} = {10,11,12,...,99} and #C = 90.
D = {X is divisible by 3} = {3,6,9,12,...,99} and #D = 33.
CD ={12,15,...,99} and #C = 30. Thus

P(C)P(D) = 20 . 33 ~0.297 and P(CD)= 3% = 3.
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This shows P(C)P(D) # P(CD) and verifies that C and D are not indepen-
dent.

(¢) E = {X is a prime} = {2,3,5,7,11,13,17,19,23,29, 31, 37,41, 43, 47,
53,59, 61,67,71,73,79, 83,89, 97},
and #F = 25.

F = {X has a digit 5} = {5,15,25,...,95} U{50,51,...,59}

and #F =19. EF = {5,53,59} and #EF = 3. We have
P(E)P(F) = 25 . 1% =0.0475 and P(EF) = 3.
This shows P(E)P(F) # P(EF) and verifies that E and F are not independent.

2.13. We need to check whether or not we have
P(AB) = P(A)P(B).

We know that P(A)P(B) = 5 - 5 = 5. We also know that A = ABU AB® and that
the events AB and AB€ are disjoint. Thus,

3= P(4) = P(AB) + P(AB") = P(AB) + _.
Thus,
P(AB)= 1 — 2 = o = P(A)P(B),

so A and B are independent.

2.14. Since P(AB) = P(@) = 0 and independence requires P(A)P(B) = P(AB),
disjoint events A and B are independent if and only if at least one of them has
probability zero.

2.15. Number the days by 1,2,3,4,5 starting from Monday. Let X; = 1 if Ramona
catches her bus on day ¢ and X; = 0 if she misses it. Then we need to compute
P(X;=1,X5=1,X3=0,X4 =1,X5 =0). By assumption, the events {X; = 1},
{Xy =1}, {X3 =0}, {Xy =1}, {X5 = 0} are independent from each other, and
P(X;=1) = and P(X; =0) = &. Thus

PX1=1,X2=1,X3=0,X4,=1,X5=0)
=P(X; =1)P(X; =1)P(X3=0)P(Xy, =1)P(X5=0)
9 9 1 9 1 729
T 10 10 10 10 10 10000
2.16. Let us label heads as 0 and tails as 1. The sample space is

Q = {(s1, 82, 83) : each s; € {0,1}},

the set of ordered triples of zeros and ones. #£ = 8 and so for equally likely
outcomes we have P(w) = 1/8 for each w € Q. The events and their probabilities
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we need for answering the question of independence are

P(A1) = P{(0,0,0),(0,0,1),(0,1,0),(0,1,1)} = § = 1,
P(A;) = P{(0,1,0),(0,1,1),(1,0,0), (1,0,1)} = g = 3,
P(A3) = P{(0,1,1),(1,0,1),(1,1,0),(0,0,0)} = § = 3,

P(A1A2) = {(0,1,0),(0,1,1)} = § = § = 5 - § = P(A41)P(A),

P(A143) ={(0,1,1),(0,0,0)} = § = = 5 - 5 = P(A1)P(4s),

P(A2A3) ={(0,1,1), (170,1)} =4i=1=3 3=P(A)P(A),

P(A1A243) ={(0,1,1)} = g = 5 - 5 - 3 = P(A1)P(A2)P(43).

All the four possible combinations of more than two events from A;, Ay, Az satisfy
the product identity. Hence independence of A;, A, A3 has been verified.

2.17. We have ABUC = ABC*® U C, and the events ABC*® and C are disjoint.
Thus P(ABUC) = P(ABC®) + P(C). Since A, B,C are mutually independent,
this is also true for A, B, C¢. Thus

¢) — oL L q_NLy_1
P(ABC®) = P(A)P(B)P(C*) = 5 - 3 (1 4) =5
From this we get
1 1 3
P(ABUC) = P(ABC®) + P(C) = 3 + 1T 5
Here is another solution: by inclusion-exclusion P(ABUC) = P(AB)+P(C)—

P(ABC). Because of independence

P(AB) = P(A)P(B) = %é = %, P(ABC)=P(A)P(B)P(C) = %%i = 2%1
Thus L1 . 5
P(ABUC) = P(AB)+ P(C)— P(ABC) = 6 + 1 d-3

2.18. There are 90 numbers to choose from and so each outcome has probability

-

(a) From enumerating the possible values of X, we see that P(X = k) = 3 for
each k € {1,2,...,9}. (For example, the event {X = 3} = {30,31,...,39}
has 10 outcomes from the 90 total.) For Y we have P(Y = ) = {5 for each
£e€{0,1,2,...,9}. (For example, the event {Y = 3} = {13,23,33,...,93} has
9 outcomes from the 90 total.)

The intersection {X = k,Y = ¢} contains exactly one number from the 90
outcomes, namely 10k + £. (For example {X = 3,Y = 5} = {35}). Thus for
each pair (k,¢) of possible values,

P(X=kY =0 =P{10k+(} =55 =515 =P(X =k)P(Y =1).
Thus we have checked that X and Y are independent.

(b) To show that independence fails, we need to find only one case where the
product property P(X = k,Z = m) = P(X = k)P(Z = m) fails. Let’s take
an extreme case. The smallest possible value for Z is 1 that comes only from
the outcome 10, since the sum of the digits is 1 + 0 = 1. (Formally, since Z is
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a function on Q, Z(10) =14 0=1.) And so P(Z =1) = P{10} = &. If we
take X = 2, we cannot get Z = 1. Here is the precise derivation:

P(X =2,Z =1) = P({20,21,...,29} N {10}) = P(2) = 0.

Since P(X =2)P(Z =1) = §- 55 = 515 # 0, we have shown that X and Z are
not independent.

2.19. (a) If we draw with replacement then we have 72 equally likely outcomes for
the two picks. Counting the favorable outcomes gives

1-7 1
P(X1=4)=—— = -
(Xi=4) ===+

7-1 1
P(Xo=5)=-—=¢
(X2=5) ===+

1 1

(b) If we draw without replacement then we have 7 - 6 equally likely outcomes for
the two picks. Counting the favorable outcomes gives

1-6 1
P(X;=4)=-——=—
(Xi=d)=-—F=+

6-1 1
PX: = — = —
Ke=5)=7%=7

1 1

P(X] :47X2 :5) ﬁ = E

(¢) The answer to part (b) showed that P(X; = 4)P(X; =5) # P(X; =4, X2 =5).
This proves that X; and X, are not independent when drawing without replace-
ment.

Part (a) showed that the events {X; = 4} and {X, = 5} are independent when
drawing with replacement, but this is not enough for proving that the random
variables X1 and X5 are independent. Independence of random variables requires
checking P(X; = a)P(X2 = b) = P(X1 = a, X2 = b) for all possible choices of a
and b. (This can be done and so independence of X; and X5 does actually hold
here.)

2.20. (a) Let S5 denote the number of threes in the first five rolls. Then
2 /5 ki 5\5—k
Pss <2 =3 (1) 0
k=0

(b) Let N be the number of rolls needed to see the first three. Then from the p.m.f.
of a geometric random variable,

P(N > 4) i%

k=5

-(0)"

o:\»—‘

Equivalently,

P(N > 4) = P(no three in the first four rolls) = (%)4.
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(¢) We can approach this in a couple different ways. By using the independence of
the rolls,

P(5 < N < 20)

= P(no three in the first four rolls, at least one three in rolls 5-20)
4 16 4 20
=@ -@))=6) -@"
Equivalently, thinking of the roll at which the first three comes,
P(5< N <20)=P(N >5)—P(N >21)

- §<2>‘“<é> S
@)™

2.21. (a) Let S be the number of problems she gets correct. Then S ~ Bin(4,0.8)
and

P(Jane gets an A) = P(S >3)=P(S=3)+ P(S=4)
= (3) (0.8)%(0.2) + (0.8)*
= 0.8192.

(b) Let Sy be the number of problems Jane gets correct out of the last three. Then
Sy ~ Bin(3,0.8). Let X; ~ Bern(0.8) model whether or not she gets the first
problem correct. By assumption, So and X; are independent. We have

P(S>3|X;=1)= P(if;fl): 1)
_ P(SQ >2.X; :1) B P(SQ ZQ)P(Xl :1)
= P(Xl = 1) - P(Xl — 1)

The last equality followed by the independence of S5 and X;. Hence,

3

P(S>3|X;=1)=P(S,>2)= (2

>(O.8)2(O.2) +(0.8)% = 0.896.

2.22. (a) Let us encode the possible events in a single round as

Ap = {Annie chooses rock}, Ap = {Annie chooses paper}
and Ag = {Annie chooses scissors}
and similarly Bgr, Bp and Bg for Bill. Then, using the independence of the
players’ choices,
P(Ann wins the round) = P(ArBgs) + P(ApBg) + P(AsBp)
= P(Ar)P(Bs) + P(Ap)P(Bg) + P(As)P(Bp)
_ 1.1, 1.1,1.1_1
=3°3T3°3T3°3%5
Conceptually quicker than enumerating cases would be to notice that no

matter what Ann chooses, the probability that Bill makes a losing choice is %
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Hence by the law of total probability, Ann’s probability of winning must be %
Here is the calculation:

P(Ann wins the round) = P(Ann wins the round | Ag)P(ARr)
+ P(Ann wins the round | Ap)P(Ap)
+ P(Ann wins the round | Ag)P(Ag)

)

l.

- P(AR) + 5 - P(Ap) + 5 - P(As
- (P(AR) + P(Ap) + P(45)) = 3

(b) By the independence of the outcomes of different rounds,

W= W

P(Ann’s first win happens in the fourth round)
= P(Ann does not win any of the first three rounds,

Ann wins the fourth round)

(¢) Again by the independence of the outcomes of different rounds,

P(Ann does not win any of the first four rounds) = (%)4 =

16
81

2.23. Whether there is an accident on a given day can be treated as the outcome

of a trial (where success means that there is at least one accident). The success
probability is p = 1 — 0.95 = 0.05 and the failure probability is 0.95.

(a) The probability of no accidents at this intersection during the next 7 days is the
probability that the first seven trials failed, which is (1 —p)7 = 0.95 ~ 0.6983.

(b) There are 30 days in September. Let X be the number of days that have at
least one accident. X counts the number of ‘successes’ among 30 trials, so X ~
Bin(30,0.05). Using the probability mass function of the binomial we get

30
P(X =2)= ( ) )0.0520.9528 ~ 0.2586.

(c) Let N denote the number of days we have to wait for the next accident, or
equivalently, the number of trials needed for the first success. N has geometric
distribution with parameter p = 0.05. We need to compute P(4 < N < 10).
The event {4 < N < 10} is the same as {N € {5,6,7,8,9,10}}. Using the
probability mass function of the geometric distribution,

10 10

10
PA<N<10)=> P(N=k) =Y (1-p)f'p=> 0957005
k=5 k=5 k=5

~ 0.2158.
Here is an alternative solution. Note that
P(4< N <10)=P(N <10)— P(N < 4)
=(1-P(N >10))— (1 - P(N >4))
= P(N >4) — P(N > 10).
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For any positive integer k the event {N > k} is the same as having k failures
in the first k trials. By part (a) the probability of this is (1 — p)*, which gives
P(N > k) = (1—p)¥ =0.95* and then
P(4<N<10)=P(N >4)—P(N>10)=(1-p)* - (1 —-p)*°
=0.95" —0.95'° ~ 0.2158.

2.24. (a) X is hypergeometric with parameters (6,4, 3).
(b) The probability mass function of X is

4y 2
3
with the convention that (Z) = 0 for integers k > a > 0. In particular, P(X =

0) = 0 because with only 2 men available, a team of 3 cannot consist of men
alone.

for k € {0,1,2,3},

2.25. Define events: A = {first roll is a three}, B = {second roll is a four}, D; =
{the die has i sides}. Assume that A and B are independent, given D;, for each
i =4,6,12.
P(AB)= Y P(AB|D;)P(D;)= > P(A|D;)P(B|D;)P(D;)

i=4,6,12 i=4,6,12

= (D + @)+ (%)) 3
P(AB|Dg)P(Ds) _ (5)°

P(AB) (32 + )2+

P(Dg|AB) =

2.26.
P((AB) N (CD)) = P(ABCD) = P(A)P(B)P(C)P(D) = P(AB)P(CD).

The very first equality is set algebra, namely, the associativity of intersection. This
can be taken as intuitively obvious, or verified from the definition of intersection
and common sense logic:

€ (AB)N(CD) <= we AB and we CD
<~ (wEA and wEB) and (oJEC and wED)
<— w€A and weB and weC and weD
< we€ ABCD.

Then we used the product rule first for all four events A, B,C, D, and then
separately for the pairs A, B and C, D.

2.27. (a) First introduce the necessary events. Let A be the event that we picked
Urn I. Then A€ is the event that we picked Urn II. Let B; the event that we
picked a green ball. Then

1 1 2
P(A)=P(A%) =3,  PBiA)=3,  P(Bi|A%) =3
P(By) is computed from the law of total probability:
11 21 1
P(Bl) = P(B1|A)P(A) +P(B1|AC)P(AC) = g . 5 + g . 5 = §
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(b) The two experiments are identical and independent. Thus the probability of
picking green both times is the square of the probability from part (a): %% = i.

(c) Let By be the event that we picked a green ball in the second draw. The
events By, By are conditionally independent given A (and given A€), since we
are sampling with replacement from the same urn. Thus

P(BA) =3, P(BJAY) =2,
P(B1B;|A) = P(B1|A)P(Ba|A), P(B1B2|A%) = P(B1|A°)P(Ba| A%).
From this we get
P(B1B3) = P(B1B2|A)P(A) + P(B1 B2 A°) P(A°)
= P(B1|A)P(B2|A)P(A) + P(B1|A%) P(B;|A°) P(A)
=G+ 3 =%

(d) The probability of getting a green from the first urn is % and the probability
of getting a green from the second urn is % Since the picks are independent,

the probability of both picks being green is % . % = %.

2.28. (a) The number of aces I get in the first game is hypergeometric with pa-
rameters (52,4, 13).

(b) The number of games in which I receive at least one ace during the evening is
binomial with parameters (50,1 — ((13)/(33))).

(¢) The number of games in which all my cards are from the same suit is binomial

with parameters (50, (?3) 71).

(d) The number of spades I receive in the 5th game is hypergeometric with param-
eters (52,13, 13).

2.29. Let Eq, F», E3, N be the events that Uncle Bob hits a single, double, triple,
or not making it on base, respectively. These events form a partition of our sample
space. We also define S as the event Uncle Bob scores in this turn at bat. By the
law of total probability we have

P(S) = P(SE1) + P(SEs) + P(SE3) + P(SN)
= P(S|E1)P(Eq) + P(S|E)P(E2) + P(S|E3)P(Es) + P(S|N)P(N)
=0.2-035+0.3-025+0.4-0.14+0-0.3
= 0.185.
2.30. Identical twins have the same gender. We assume that identical twins are
equally likely to be boys or girls. Fraternal twins are also equally likely to be boys
or girls, but independently of each other. Thus fraternal twins are two girls with
probability % . % = i. Let I be the event that the twins are identical, F' the event
that the twins are fraternal.
(a) P(two girls) = P(two girls| I)P(I) + P(two girls| F)P(F) = § - 1 +
P(two gitls|I)P(I) 4-3 1

b) P(I|t irls) = = =-.
(b) P(Itwo girls) P(two girls) 3 2

wIin

=
Wl
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2.31. (a) The sample space is
Q= {(9,0) (b,9), (b:0), (9,9)},

and the probability measure is simply
1

since we assume that each outcome is equally likely.

(b) Let A be the event that there is a girl in the family. Let B be the event that
there is a boy in the family. Note that the question is asking for P(B|A). Begin
to solve by noting that

3
A= {(gab)7 (bv 9)7 (979)} and P(A) = 1

Similarly,

B ={(9.0), (0.9), (b:6)} and P(B) = °.

Finally, we have

P(AB) _ P({(g,),(b,g9)}) _2/4 2
P(B|A) = - _ 21 _2
(Bl4) P(A) 3/4 3/4 3
(¢) Let C ={(g,b),(g,9)} be the event that the first child is a girl. B is as above.
We want P(B|C). Since P(C) = 1/2 we have

_P(BC)  Pllgb)} 14 1
P(BIC) = P(C) — 1/2 12 2
2.32. (a) The sample space is

Q= {(b,,b),(b,b,9),(b,9,b),(b,9,9), (9,b,0), (9,0, 9),(9,9,), (9,9, 9)}
and each sample point has probability % since we assume all outcomes equally
likely.
(b) Let A={(b,9,9),(9,b,9),(g,9,b),(g,9,9)} be the event that there are at least
two girls in the family. Let

B ={(b,b,b), (b,b,9), (b, 9,b),(b,9,9),(g,b,0), (9,0, 9),(9,9,0)}
be the event that there is a boy in the family.

P(B|A) = P(AB) _ P({(b.9.9),(9,b.9):(9,9:0)}) _3/8 3
P(A)  P{(b,g.9),(9,0,9).(9,9.0).(9,9,9)} 4/8 4
(c¢) Let C =1{(9,9,b),(g,9,9)} be the event that the first two children are girls. B
is as above. We want P(B|C). We have
P(B P 1
PC)  P{lg,9:0).(9,9.9)} 2
2.33. (a) Let By be the event that we choose urn k and let A be the event that we
chose a red ball. Then

P(By) =1L, PAB) =%, for 1 <k <5.
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By conditioning on the urn we chose and using (2.7) we get

5 5
P(A)= Y PA|BoP(By) = 3 & - 4 = be2agten —

o

P(AB)P(By) 155 _ k
i PAIBOP(BY) 1 15
2.34. Since the urns are interchangeable, we can put the marked ball in urn 1.
There are three ways to arrange the two unmarked balls. Let case i for i € {0, 1,2}
denote the situation where we put ¢ unmarked balls together with the marked ball,
and the remaining 2 — ¢ unmarked balls in the other urn. Let M denote the event
that your friend draws the marked ball, and A; the event that she chooses urn j,
j=1,2. Since P(M|]Az) = 0, we get the following probabilities.
Case 0: P(M) = P(M|A,)P(A;) =
Case 1: P(M) = P(M|A;)P(A;) =
Case 2: P(M) = P(M|A;)P(4;) =
So (a) you would put all the balls in one urn (Case 2) while (b) she would put
the marked ball in one urn and the other balls in the other urn.

P(B|A) =

Wl D=
Dl o= NI
ol = NI

(c¢) The situation is analogous. If we put k unmarked balls together with the
marked ball in urn 1, then
P(M) = P(M|A)P(A1) = 37 5 = sy
Hence to minimize the chances of drawing the marked ball, put all the balls in one

urn, and to maximize the chances of drawing the marked ball, put the marked ball
in one urn and all the unmarked balls in the other.

2.35. Let A be the event that the first card is a queen and B the event that the
second card is a spade. Note that A and B are not independent, and there is no
immediate way to compute P(B|A). We can compute P(AB) by counting favorable
outcomes. Let € be the collection of all ordered pairs drawn without replacement
from 52 cards. #£) = 52 - 51 and all outcomes are equally likely. We can break up
AB into the union of the following two disjoint events:

= {first card is queen of spades, second is a spade},

D = {first card is a queen but not a spade, the second card is a spade}.

We have #C = 12, as we can choose the second card 12 different ways. We have
#D = 3-13 = 39 as the first card can be any of the three non-spade queens, and the
second card can be any of the 13 spades Thus #AB = #C +#D =12+ 39 =51

and we get P(AB) = #;QB =25 =5

2.36. Let A; be the event that a j-sided die was chosen and B the event that a six
was rolled.
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(a) By the law of total probability,

P(B) = P(B|A4)P(A4) + P(B|As) P(As) + P(B|A12) P(A12)

:0'%—’—%'%4_%'122:1718'
(b)
P(B|Ag)P(A L3
P(AG‘B): ( |PE3-)B)( 6) — 6 112 :%

2.37. (a) Let S, E, T, and W be the events that the six, eight, ten, and twenty sided
die is chosen. Let X be the outcome of the roll. Then

+ P(X = 6|T)P(T) 4+ P(X = 6|W)P(W)
11 .1 2 1 3 1 4
6107810 10 10 20 10

11
T 120

(b) We want

pavix =7y = POVX=17) _ P(X =TW)P(W)

P(X =7) P(X=7)

Following part (a), we have

P(X =7)=P(X =17|S)P(S) + P(X = 7|E)P(E)
+ P(X =7|T)P(T) + P(X = 7|W)P(W)
1 1 2 1 3 1 4 3

=0 %ts 10 10 10

20 10 40°
Thus,

PW|X = 7) = 1/20)-(4/10) _ 4

(3/40) 15

2.38. Let R denote the event that the chosen letter is R and let A; be the event
that the ith word of the sentence is chosen.

(a) P(R) = X0, P(RIA)P(A4;) =0-4 1024 1.1 4
(b) P(X =3)=31,P(X=4)=1% P(X=5)=
(¢c) P(X =3|X >3)=0.

[
-
33

- _PUX=4n{X>3}) P(x =4
P(X =4]X>3) = P(X > 3) P(X =4) + P(

X —5|x >3- PUX=510(x>3) () 1

P(X > 3) (2)
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(d) Use below that RNA; =RNAs =AsN{X >3} =0.
4
P(R|X >3) =) P(RA;|X >3) = P(RAs|X > 3) + P(RA4|X > 3)
i=1
P(RNAsN{X >3}) PRNAN{X >3})

P(X > 3) P(X > 3)
B P(RN Ay) _ P(R|A4)P(Ay)
T P(X=4)+P(X=5) P(X=4)+P(X=5)
A Y
T

15

2.39. (a) Let B; the event that we chose the ith word (i = 1,...,8). Events
Bi,...,Bg form a partition of the sample space and P(B;) = % for each i. Let
A be the event that we chose the letter 0. Then P(A|Bs) = L, P(A|By) = 1,
P(A|Bg) = 1 with all other P(A|B;) = 0. This gives

8

1/1 1 1 47

P(A) =) P(A|B;)P(B;) = 3 (5 +3+ 4> = 180"
=1

(b) The length of the chosen word can be 3, 4, 5 or 6, so the range of X is the
set {3,4,5,6}. For each of the possible value  we have to find the probability
P(X =z).

px(3) = P(X = 3) = P(we chose the 1st, the 4th or the 7th word)
_3
=3
px(4) = P(X = 4) = P(we chose the 6th or the 8th word) = P(Bg U Bg) =

= P(By UB4U By)

b

px(5) = P(X = 5) = P(we chose the 2nd or the 3rd word) = P(B; U Bs) =

b

1
px(6) = P(X = 6) = P(we chose the 5th word) = P(Bj) = g
Note that the probabilities add up to 1, as they should.

2.40. (a) For i € {1,2,3,4} let A; be the event that the student scores ¢ on the
test. Let M be the event that the student becomes a math major.

4
P(M) = P(M|A;)P(A;) =0-01+ 1024306+ 201~ 0.2829.
i=1

(b)
-0.1
0.6+ 2-0.1

M|A4)P(A4)

P(
PlAM) = ——pa5— = 102+

~ 0.1515.

W [~lw
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2.41. Introduce the following events:

B = {the phone is not defective}, A = {the phone comes from factory IT}.

Then A€ is the event that the phone is from factory I. We know that

2 1 1
P(A)=04=Z, P(A%)=06= % P(B'|4)=02=, P(B|A%) =0.1= .

Note that this also gives

c 4 c c c 9
P(B|4)=1-P(BA) =,  P(B|A%) =1~ P(B|A) = ;.

We need to compute P(A|B). By Bayes’ formula,

P(A‘B): P(BlA)'P(A) _ %% _ 16
P(B|A)P(A) + P(B|Ac)P(A¢°) %%Jr%% 16 + 27

16
= — ~0.3721.
3 0.37

2.42. Let R be the event that the transferred ball was red, and W the event that

the transferred ball was white. Let V' be the event that a white ball was drawn from

urn B. Then P(R) = 1 and P(W) = 2. If a red ball was transferred, then the new

composition of urn B is 2 red and 1 white, while if a white ball was transferred,

then the new composition of urn B is 1 red and 2 white. Putting all this together
gives the following calculation.

PW|V) = P(WV) _ P(VIW)P(W)
P(V) P(VIW)P(W)+ P(V|R)P(R)
2

2.2
3°3
rivid
2.43. (a) Let A; be the event that the first sample had two balls of the same color.

If we imagine that the draws are done one at a time in order then there are 5-4

possible outcomes. Counting the green-green and yellow-yellow cases separately
we get that 3-2+2-1 of those outcomes have two balls of the same color. Thus

3:242-1 2
Pldy)=—F7—=5%

(b) Let Ay be the event that the second sample had two balls of the same color.
We have P(A2|A;1) = 1, since if the first sample had two balls of the same
color then this must be true for the second one. Furthermore, P(As|A§) = 3,

because if we sample twice with replacement from an urn containing one yellow

and one green ball, then 1/2 is the probability that the second draw has the
same color as the first one. (Or, dividing the number of favorable outcomes by

the total, 155 = 1) From part (a) we know that P(A;) = 2 and P(A§) = 2.

Altogether this gives

SIS

P(Az) = P(A2|A1)P(A1) + P(A2| A7) P(A7) =1+
(c) Using the already computed probabilities:

P(Ay|A)P(Ay)  1-2

4
P(A1|dy) = E2AIRE) = S8 T
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2.44. Let A; be the event that bin ¢ was chosen (i = 1,2) and Y; the event that
draw j (j = 1,2) is yellow.

(a)

_ P(Y1]|A1)P(Ay)
Pldi) = P(Y1]A1)P(Ay) + P(Y1|A2)P(Az)
4 1 14

=02 - = ~04118

(b) This question asks for the conditional probability of A;, given that two draws
with replacement from the chosen urn yield yellow. We assume that draws
with replacement from the same urn are independent.
conditional independence of Y7 and Y5, given A;.

- P(Y1Y3|A1)P(A;)
P(A|Y1Ys) = P(Y1Y3]A1)P(A1) + P(Y1Y2|A2) P(As)

_ P(Y1]|A1) P(Y1[A1) P(Ay)

~ P(Y1]|A1)P(Y1|A1)P(Ay) + P(Y1|A) P(Y1]|A2) P(Az)
4 4 1 196
_ 1010 2 _
T 4 1,4 1. 1
010 3tT7 72 0

This translates into

~ (0.3289.

2.45. (a) Let B, G, and O be the events that a 7-year-old like the Bears, Packers,
and some other team, respectively. We are given the following:

P(B) =0.10, P(G)=0.75, P(O)=0.15.
Let A be the event that the 7-year-old goes to a game. Then we have
P(A|B) = 0.01, P(A|G)=0.05, P(A|O) = 0.005.
P(A) is computed from the law of total probability:
P(A) = P(A|B)P(B) + P(A|G)P(G) + P(A|O)P(O)
=0.01-0.1+0.05-0.7540.005 - 0.15 = 0.03925.
(b) Using the result of (a) (or Bayes’ formula directly):

P(G|A) = P(AG) P(AIG)P(G) 0.05-0.75  0.0375

= = = ~ 0.9554.

P(A) P(A) 0.03925 0.03925
2.46. A sample point is an ordered triple (x,y, z) where x is the number drawn
from box A, y is the number drawn from box B, and z the number drawn from box

C. All 6-12 -4 = 288 outcomes are equally likely, so we can solve these problems
by counting.

(a) The number of outcomes with exactly two 1s is
1-1-3+1-11-14+5-1-1=19.
The number of outcomes with a 1 from box A and exactly two 1s is

1-1-341-11-1=14.
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Thus
P(ball 1 from A and exactly two 1s)
P(exactly two 1s)
14/288 14
T 19/288 19
(b) There are three sample points whose sum is 21: (6,12, 3),(6,11,4), (5,12,4).

Two of these have 12 drawn from B. Hence the answer is 2/3. Here is the
formal calculation.

P(ball 1 from A |exactly two 1s)

P(ball 12 from B and sum of balls 21)
P(sum of balls 21)
P{(6,12,3), (5,12,4)}  2/288 2

~ P{(6,12,3), (6,11,4), (5,12,4)}  3/288 3’
2.47. Define random variables X and Y and event S:

P(ball 12 from B |sum of balls 21) =

X = total number of patients for whom the drug is effective
Y = number of patients for whom the drug is effective, excluding your friends

S = trial is a success for your two friends.

We need to find

P(SN{X =55})
P(X =55) =
Note that X ~ Bin(80,p), and thus P(X = 55) = (55)p55(1 — p)?5. Moreover,
SN{X =55} =SN{Y =53}. The events S and {Y = 53} are independent, as S
depends on the trial outcomes for your friends, and Y on the trial outcomes of the
other patients. Thus
P(SN{X =55}) =P(SN{Y =53}) = P(S)P(Y = 53).

We have P(S) = p? and P(Y = 53) = (gg)p‘%(l—p)%, asY ~ Bin(78,p). Collecting
everything:

P(S|X = 55) =

P(s|x = 55) = PEMX =55} _ p*- (e -n)* _ ()

P(X =55) Gapo (=) (%)
297
— S = 0.46%.

2.48. Define events G = {Kevin is guilty}, A = {DNA match}. Before the DNA
evidence P(G) = 1/100,000. After the DNA match

P(G|A) = PAIG)P(G) _ L o000
P(A|G)P(G) + P(A|GC)P(GC) L- 100}000 + 10,1000 ’ 19096?09090

T 14+10-10"% T 11

2.49. (a) The given numbers are nonnegative, so we just need to check that > - , P(X =
k)=1:

= 4 = 1 2 4 Tlt)%
Y PX=k=z+> 1 () _g+1_g:1
k=0 k=1 3
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(b) For k > 1, by changing the summation index from j to i = j — k:

= koo ko1 k—1
— - () B =R

o"‘

(2)' =
3
i=k =0
Thus again for k£ > 1,
PUX >k}n{X>1}) P(X>k)
P(X >1) - P(X>1)
k—1

e

PX>k|X>1)=

win
~—

(S

(S

The numerator simplified because {X > k} C {X > 1}. The answer shows
that conditional on X > 1, X has Geom(3) distribution.

2.50. (a)

B P(D|A)P(A)

P(A|D) = P(D|A)P(A) + P(D|B)P(B) (D|C)P(C)
_ P 3 p
p%+0%+1% 1+p
(b)
_PO|O)P(C) 15 1
PP =—Fp5y— = (p+1§-% IR

If the guard is equally likely to name either B or C' when both of them are
blated to die, then A has not gained anything (hlb probability of pardon is still
) but C’s chances of pardon have increased to g In the extreme case where the
guard would never name B unless he had to (p = 0), C' is now sure to be pardoned.

2.51. Since C C B we have BUC = B and thus AUBUC = AU B. Then
P(AUBUC)=P(AUB)=P(A)+ P(B) — P(AB).
Since A and B are independent we have P(AB) = P(A)P(B). This gives
P(AUBUC)=P(A)+ P(B)— P(A)P(B)=1/2+1/4—-1/8=5/8.

2.52. Yes, A, B, and C are mutually independent. There are four equations to
check:

(i) P(AB) = P(A)P(B)
(i) P(AC) = P(A)P(C)
(ili) P(BC) = P(B)P(C)
(iv) P(ABC) = P(A)P(B)P(C)

(i) comes from inclusion-exclusion:

P(AB) = P(A) + P(B) — P(AU B) = 0.06 = P(A)P(B).
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(ii) comes from P(AC) = P(C) — P(A°C) = 0.03 = P(A)P(C). (iii) is given.
Finally, (iv) comes from using inclusion-exclusion once more and the previous com-
putations:

P(ABC)=P(AUBUC)—-P(A)— P(B)— P(C)
+ P(AB) + P(AC) + P(BC)
=0.006 = P(A)P(B)P(C).
2.53. (a) If the events are disjoint then
P(AUB) = P(A)+ P(B) = 0.3+ 0.6 = 0.9.
(b) If the events are independent then
P(AUB)=P(A)+ P(B)— P(AB) = P(A) + P(B) — P(A)P(B)
=03+06-03-0.6=0.72.

2.54. (a) It is possible. We use the fact that A = AB U AB® and that these are
mutually exclusive:

P(A) = P(AB) + P(AB®) = P(A|B)P(B) + P(A|B°)P(B°)

1 1 1
= -P(B -P(B°) = =-(P(B P(B°)) = —.
LP(B) + LP(B%) = L(P(B) + P(B) = |
(b) A and B are independent. By part (a) and the given information,
_ _ P(AB)

from which P(AB) = P(A)P(B) and independence has been verified. (Note
that the value % was not needed for this conclusion.)

2.55. (a) Since Peter throws the first dart, in order for Mary to win Peter must
fail once more than she does.

P(Mary wins) = Z P(Mary wins on her kth throw)

k=1
_ = -1 _ (1—-p)r
—;((1—p)(1—r))k (1—P)T—1_(1_p)(1_r)
_ (A=pr

p4+r—opr

(b) The possible values of X are the nonnegative integers.
P(X = 0) = P(Peter wins on his first throw) = p.
For k > 1,
P(X = k) = P(Mary wins on her kth throw)
+ P(Peter wins on his (k + 1)st throw)
=((1=p) A=) 1 =p)r + (A =p)A—7))*p
=((1=p) A=) A =p)p+r—pr).
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We check that the values for £ > 1 add up to 1—(the value at k = 0):

- -1 (A =plp+r—pr)
;((1—1))(1—7“))'“ (L=p)p+r—pr)= T s r— =1-p.

This is not one of our named distributions.

(c) For k > 1,

P(Mary wins on her kth throw)
P(Mary wins)
(1=p) A=)t —p)r

(1-—p)r
p+r—pr

=((1=p)A =) p+r—pr).

P(X = k| Mary wins) =

Thus given that Mary wins, X ~ Geom(p + r — pr).

2.56. Suppose P(A) = 0. Then for any B, AB C A implies P(AB) = 0. We also
have P(A)P(B) =0-P(B) = 0. Thus P(AB) =0 = P(A)P(B) and independence
of A and B has been verified.

Suppose P(A) = 1. Then P(A°) = 0 and the previous case gives the indepen-
dence of A€ and B, from which follows the independence of A and B. Alternatively,
we can prove this case by first observing that P(AB) = P(B) — P(A°B) = P(B) —
0 = P(B) and then P(A)P(B) =1 P(B) = P(B). Again P(AB) = P(A)P(B)
has been verified.

2.57. (a) Let E; be the event that the first component functions. Let Es be the
event that the second component functions. Let S be the event that the entire
system functions. S = E1NE5 since both components must function in order for
the whole system to be operational. By the assumption that each component
acts independently, we have

P(S) = P(Ey N By) = P(Ey)P(Ey).

Next we find the probabilities P(E;) and P(Es).

Let X; be a Bernoulli random variable taking the value 1 if the ¢th element of the
first component is working. The information given is that P(X; = 1) = 0.95,
P(X; = 0) = 0.05 and Xy,...,Xs are mutually independent. Similarly, let
Y; be a Bernoulli random variable taking the value 1 if the ith element of the
second component is working. Then P(Y; = 1) = 0.90, P(Y; = 0) = 0.1 and
Y1,...,Y; are mutually independent. Let X = Zle X; give the total number
of working elements in component number one and Y = Z?ZlYi the total
number of working elements in component number 2. Then X ~ Bin(8,0.95)
and Y ~ Bin(4,0.90), and X and Y are independent (by the assumption that
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the components behave independently). We have

P(E))=P(X>6)=P(X =6)+P(X =7)+ P(X =8)

= (i) (0.95)%(0.05)% + (i) (0.95)7(0.05)" + (2) (0.95)%(0.05)°

= 0.9942117,
and
P(E;) = P(Y >3)=P(Y =3) + P(Y = 4)
= (g) (0.9)%(0.1) + (0.9)*
= 0.9477.
Thus,

P(S) = P(B,)P(By) = 0.9942117 - 0.9477 ~ 0.9422.
(b) We look for P(E$|S¢). We have
P(E5S°) _ P(Ej5)
P(ES|S¢) = =

where we used that ES C S¢ (If the first component does not work, then
the system does not work; mathematically a consequence of de Morgan’s law:
S¢ = E{UES.) Thus,

1—P(B,)  1-0.9477

P(BR|S) = 3= P(S)  1-0.9422

~ 0.9048.

2.58. (a) It is enough to show that any two of them are pairwise independent since
the argument is the same for any such pair. We show that P(AB) = P(A)P(B).
Let

Q= {(a,b,c):a,bcc{l1,2,...,365}} = #Q = 365°.
We have by counting the possibilities

#AB = {all three have same birthday} =365-1-1 = P(AB) = 3652
Also,
#A = {Alex and Betty have the same birthday} = 365 - 1 - 365,

where we counted as follows: there are 365 ways for Alex to have a birthday,
then only once choice for Betty, and then another 365 ways for Conlin. Thus,

3652 1
PA)=—=—.
(4) 3653 365
Similarly, P(B) = 5¢= and so,
P(AB) = P(A)P(B).

(b) The events are not independent. Note that ABC = AB and so,

1 1

P(ABC) = P(AB) = 2= # P(A)P(B)P(C) = 5.


https://testbanks.ac/product/9781108415859-SOLUTIONS-5/

[CLI cK HERE TO ACCESS THE COMPLETE Sol uti ong

50 Solutions to Chapter 2

2.59. Define events: B = {the bus functions}, T' = {the train functions}, and S =
{no storm}. The event that travel is possible is (BUT) NS = BSUTS. We

calculate the probability with inclusion-exclusion and independence
P(BSUTS)=P(BS)+ P(TS)— P(BTS)
= P(B)P(S)+ P(T)P(S) — P(B)P(T)P(S)
=28.19, 9 19 8 9 19 __ 931
10 20 T 10

2.60. (a) P(AB°) = P(A) — P(AB) =

20 10 10 20 ~— 1000°
P(A) — P(A)P(B)
P(A)P(B°).

(b) Apply first de Morgan and then inclusion-exclusion:

P(A°C) =1 — P(AUC) = 1 — P(A) — P(C) + P(AC)
— 1 P(4) - P(C) + P(A)P(C )
= (1= P(A))(1 - P(C)) = P(A°)P(C®).

(¢) P(AB°C) = P(AC) — P(ABC) =
P(B))P(C = P(A)P(B*)P(C).

(d) Again first de Morgan and then inclusion-exclusion:
P(A°B°C°)=1-P(AUBUC)
=1-P(A)—P(B)—- P(C)+ P(AB) + P(AC) + P(BC) — P(ABC)
=1—-P(A) - P(B)—P(C)+ P(A)P(B)+ P(A)P(C)+ P(B)P(C)

P(A)P(B)P(C)
:(1—P( )( - P(B))(1 - P(C)
P(A°)P(B)P(C?).

2.61. (a) Treat each draw as a trial: green is success, red is failure. By counting
favorable outcomes, the probability of success is p = 2 for each draw. Because we
draw with replacement the outcomes are independent. Thus the number of greens
in the 9 picks is the number of successes in 9 trials, hence a Bin(9, ) distribution.
Using the probability mass function of the binomial distribution gives

P(X>1)=1-P(X=0)=1-(1-p)? ~0.9935,

P(X <5)=) P(X > (2)&(1 —p)°F ~ 0.8653.

k=0 k=0

(b) N is the number of trials needed for the first success, and so has geometric
distribution with parameter p = 2

. The probability mass function of the geometric
distribution gives

9 9
P(N<9)=> P(N=k)=> p(1-p)* " ~09935.
k=1 k=1
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(¢) We have P(X > 1) = P(N < 9). We can check this by using the geometric sum
formula to get

y S ==
;p(l _p)k :pm =1-(1-p)

Here is another way to see this, without any algebra. Imagine that we draw balls
with replacement infinitely many times. Think of X as the number of green balls
in the first 9 draws. NV is still the number of draws needed for the first green. Now
if X > 1, then we have at least one green within the first 9 draws, which means
that the first green draw happened within the first 9 draws. Thus X > 1 implies
N < 9. But this works in the opposite direction as well: if N < 9 then the first
green draw happened within the first 9 draws, which means that we must have at
least one green within the first 9 picks. Thus N < 9 implies X > 1. This gives the
equality of event: {X > 1} = {N < 9}, and hence the probabilities must agree as
well.

2.62. ”egar(] tlle (1raV\/i“g ()f tllree 1 larl)les S trl 1, lth SuUcCcCess prObabl]lty p
given by as one trial, w
P 9
I (ELH three marbles b]ug) — Q —‘

(3) T 10-11-12-13 143

X ~ Bin(20, %). The probability mass function is

k 143 143

2.63. The number of heads in n coin flips has distribution Bin(n,1/2). Thus the
probability of winning if we choose to flip n times is

P(X =k) = <20> (£2)F (L0127 g = 0,1,2,...,20.

2)2n —  ontl
We want to find the n which maximizes f,. Let us compare f, and f,,11. We have

-1 +1
fo <fn1 = n(;l+1)<(n2n+2)n — 2n-1)<n+1l <= n<3.

Similarly, f, > fny1 if and only if n > 3, and f3 = f4. Thus
f2<f3:f4>f5>f6>....

This means that the maximum happens at n = 3 and n = 4, and the probability
of winning at those values is f3 = f; = 32 = 3

1 —1
fn = P(n flips yield exactly 2 heads) = (n) = M

24 — 8
2.64. Let X be the number of correct answers. X is the number of successes in 20
independent trials with success probability p + %r.

P(X >19) = P(X = 19) + P(X =20) = 20(p+ 37) (¢ + 3r) + (p + 1)

2.65. Let A be the event that at least one die lands on a 4 and B be the event
that all three dice land on different numbers. Our sample space is the set of all
triples (a1, a9, a3) with 1 < a; < 6. All outcomes are equally likely and there are
216 outcomes. We need P(A|B) = P},(EqBB)). There are 6 -5 -4 = 120 elements in B.
To count the elements of AB, we first consider A°B. This is the set of triples where
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the three numbers are distinct and none of them is a 4. So #4°B =5-4-3 = 60.
Then #AB = #B — #A°B = 120 — 60 = 60 and

P(AB) 2% 1
pap) =240 e L
P(B) %g 2
2.66. Let
. . . n\ 1\2,5\n-2 n(n—1)5""2
fn = P(n die rolls give exactly two sixes) = o (6) (6) =2
Next,
—1 5n—2 1 5n—1
In <for1 = nn—1) <(n+ Jn < 6(n—1)<5(n+1)

2.-6M 2. 6ntl
<— n<l1l1.

By reversing the inequalities we get the equivalence
fn>for1 <= n>1L
By complementing the two equivalences, we get

fn:fn+l = fann—i—l and fngfn—o—l
< n>11 and n<11 <= n=11.

Putting all these facts together we conclude that the probability of two sixes is
maximized by n = 11 and n = 12 and for these two values of n, that probability is
11-10-5°

2. 611
2.67. Since {X =n+k} C {X > n} for k > 1, we have

P(X = k. X P(X = k 1 — p)ntk-1
HX=n+mX>np:( ntkX>n) PX=n+k)_ (1-p) p

~ 0.2961.

P(X >mn) P(X >mn) P(X >mn)
Evaluate the denominator:
PX>n)= Y PX=k= > (1-p*'p
k=n-+1 k=n-+1
= 1
=p(1—=p)" ) (1-p)f=pl—p" ————=(1—-p"
(=9 0= == =y = ()

Thus,

1L—p)"th1p  (A—pnthtp
P(X >n) o (I—p)»

=([1-p)*'p=PX =k).

P(X:n+k|X>n):(

2.68. For k > 1, the assumed memoryless property gives

P(X =k+1)

POX =) = PX = b+ 1] X > 1) = =5 s
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which we convert into P(X =k +1 P(X > 1)P(X = k). Now let m > 2, and
apply this repeatedy to k=m —1,m —2,...,2:

PX=m)=PX>1)P(X=m—1)=P(X >1)?P(X =m —2)
=...=PX>1)"!P(X=1).
Set p = P(X = 1). Then it follows that P(X = m) = (1 — p)™ " !p for all m > 1

(m = 1 by definition of p, m > 2 by the calculation above). In other words, X ~
Geom(p).

2.69. We assume that the successive flips of a given coin are independent. This
gives us the conditional independence:

P(A1A2 | F) = P(A1 | F) P(A2 | F), P(A1A2|M) = P(A| M) P(A2 | M),
and P(A1As|H) = P(A1|H)P(Az| H).
The solution comes by the law of total probability:
P(A1As) = P(A1A2 | F) P(F) + P(A1A2 | M) P(M) + P(A1 A2 | H) P(H)
= P(A1|F)P(Ay | F)P(F) 4+ P(Ay | B)P(Ay | B)P(B)

—1.1.9 3.3, 9 L9 9 1 _ 255
T2 2 100 5 5 100 10 10 100 ~ 10,000°

Now 120?5’80 (1501030) which says that P(A;As) # P(A1)P(As). In other words,
A; and Aj are not independent without the conditioning on the type of coin. The
intuitive reason is that the first flip gives us information about the coin we hold,
and thereby alters our expectations about the second flip.

2.70. The relevant probabilities: P(A) = P(B) = 2p(1 — p) and
P(AB) = P{(T,H,T), {,T,H)} = p*(1 — p) + p(1 —p)* = p(1 — p).
Thus A and B are independent if and only if
2
(20(1=p) =p(l-p) = 9’1 -p)°’-p(l-p) =0
<= p(l-p)(p(l—p)—-1)=0
<~ p=0or 1—-p=0or 4p(l—-p) —1=0 < pe{0,3,1}.

Note that cancelling p(1 — p) from the very first equation misses the solutions p = 0
and p = 1.

2.71. Let F' = {coin is fair}, B = {coin is biased} and A, = {kth flip is tails}.
We assume that conditionally on F', the events A; are independent, and similarly
conditionally on B. Let D,, = A1 N AaN---N A, = {the first n flips are all tails}.

(a)

_ P(D,|B)P(B) B ()L
PBID) = B0, B)P(B) + POJFIPE) ~ B+ (7S,
O

NOETOR

In particular, P(B|D;) = & and P(B|D;) = 55.
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(2)*
5
——2——— =~ (.898
@ + 90
while
(2)
55 N 0.914,

()% +9(3)
so 25 flips are needed.
(c)
P(Dys1|B)P(B) + P(Dy1|F)P(F)

P(D,
P(A,1|D,) = Ig 1) _

D) P(Dy|B)P(B) + P(Dy|F)P(F)
e R e

rEST:

(d) Intuitively speaking, an unending sequence of tails would push the probability
of a biased coin to 1, and hence the probability of the next tails is 3/5. For a
rigorous calculation we take the limit of the previous answer:

3\n+1 1 1\n+1 9 3 9/5\n+1

= =+ (5 -5 =+ 35(5 3
lim P(Ap4+1|Dyn) = lim (5)3 110 (f) 5 0 — Jjpy 5267 2(65) = _.
n— 00 n— 00 (5)nﬁ+(§)nﬁ n—00 1+9(6)” 5

2.72. The sample space for n trials is the same, regardless of the probabilities,
namely the space of ordered n-tuples of zeros and ones:

Q={w=1(s1,...,8,) : each s; equals 0 or 1}.

By independence, the probability of a sample point w = (s1,. .., $,) is obtained by
multiplying together a factor p; for each s; = 1 and 1 — p; for each s; = 0. We can
express this in a single formula as follows:

e S § (R

2.73. Let X be the number of blond customers at the pancake place. The popula-
tion of the town is 500, and 100 of them are blond. We may assume that the visitors
are chosen randomly from the population, which means that we take a sample of
size 14 without replacement from the population. X denotes the number of blonds
among this sample. This is exactly the setup for the hypergeometric distribution
and X ~ Hypergeom(500, 100, 14). (Because the total population size is N = 500,
the number of blonds is N4 = 100 and we take a sample of n = 14.) We can now
use the probability mass function of the hypergeometric distribution to answer the
two questions.
(a)
(100) (400)
P(exactly 10 blonds) = P(X = 10) = ~19:542 ~ 0.00003122.
(r)
(b)
2 2 (
P(at most 2 blonds) = P(X <2)=> P(X =k)=> o
k=0 k=0 14

~ (0.4458.
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2.74. Define events: D = {Steve is a drug user}, A; = {Steve fails the first drug test}
and Ay = {Steve fails the second drug test}. Assume that Steve is no more or less
likely to be a drug user than a random person from the company, so P(D) =
0.01. The data about the reliability of the tests tells us that P(A;|D) = 0.99
and P(A;|D°) = 0.02 for ¢ = 1,2, and conditional independence P(A;Az|D) =
P(A1|D)P(A2|D) and also the same under conditioning on D°.

(a)
P(D|Ay) = P(A,|D)P(D) ___amwp 1
P(A1|D)P(D) + P(Ay|D¢)P(D¢) ~ 2. 1oy 2. 997 3
(b)
Plagiay) = PA1A2) _ P(A1AID)P(D) + P(A1 43| D) P(D)
V= TP P(A{|D)P(D) + P(A;|D¢)P(De)
2 2
()t (55) b 103
— 55 T 5 59 = 300 ~ (0.3433.
100 “ 100 T 100 ~ 100
(c)

P(A1A2|D)P(D)
(A142|D)P(D) + P(A1A2| D) P(D¢)
100

2
_ (%) ‘1

P(D|A1A2) = -

1
99
TV S = o3 ~ 09612,
(706)" - 700 * ()" - 100
2.75. We introduce the following events:
A = {the store gets its phones from factory II},
B; = {the ith phone is defective}, i=1,2.
Then A€ is the event that the phone is from factory I. We know that

2 3 1 1
S P(A9=06=2, P(BjlA)=02=_, P(Bi|A)=01=—.
S PA)=06="1, P(BIA)=02=1, P(BJA%)=01=

We need to compute P(A|B1Bs). By Bayes’ theorem,

P(B1B;|A) - P(A)
P(B1By|A)P(A) + P(By Ba|A¢)P(A°)

P(A) =04 =

P(A|B1B,) =

We may assume that conditionally on A the events B; and By are independent. This
means that given that the store gets its phones from factory II, the defectiveness of
the phones stocked there are independent. We may also assume that conditionally
on A€ the events By and By are independent. Then

P(B1By|A) = P(B1|A)P(Bs|A) = (£)?, P(B1B3|A°) = P(B1|A°)P(By|A°) = (&)?

and

P(A|B1B) =
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