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Linear Algebra

Vector Spaces—The Basic Concepts

2.1 Concept of a Vector Space

Exercises

Exercise 2.1.1 Let V' be an abstract vector space over a field IF'. Denote by 0 and 1 the identity elements with
respect to addition and multiplication of scalars, respectively. Let —1 € IF" be the element* opposite to

1 (with respect to scalar addition). Prove the identities

i) 0=0x, VeV
() —x=(-1)=z, VeV

where 0 € V is the zero vector, i.e., the identity element with respect to vector addition, and —x

denotes the opposite vector to x.
(1) Let  be an arbitrary vector. By the axioms of a vector space, we have
z+0z=1lx+0z=1+0)z=1lxc==
Adding to both sides the inverse element —x, we obtain that
0+0x=0x=0
(i1) Using the first result, we obtain

z+(-)z=(14+(-1)x=0x=0

*It is unique.

55
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Exercise 2.1.2 Let €' denote the field of complex numbers. Prove that C" satisfies the axioms of a vector
space with analogous operations to those in R"”, i.e.,
f
$+y: (Ilw"axn)—i_(ylw"?yn) = (xl +y177mn+yn>

£
axr=a(r,...,x,) = (@z1,...,0Ty,)

This is really a trivial exercise. One by one, one has to verify the axioms. For instance, the associa-
tive law for vector addition is a direct consequence of the definition of the vector addition, and the

associative law for the addition of complex numbers, etc.

Exercise 2.1.3 Prove Euler’s theorem on rigid rotations. Consider a rigid body fixed at a point A in an initial
configuration 2. Suppose the body is carried from the configuration € to a new configuration {21, by a
rotation about an axis /1, and next, from {2; to a configuration €2, by a rotation about another axis [s.
Show that there exists a unique axis [, and a corresponding rotation carrying the rigid body from the
initial configuration {2 to the final one, (25, directly. Consult any textbook on rigid body dynamics, if

necessary.

This seemingly obvious result is far from trivial. We offer a proof based on the use of matrices, and

you may want to postpone studying the solution after Section 2.7 or even later.

A matrix A = A;; is called orthonormal if its transpose coincides with its inverse, i.e.,
AAT =AT A=T
or, in terms of its components,
ZAikAjk = ZAkiAkj = 0;j 2.1
k k
The Cauchy theorem for determinants implies that
detA detAT = det? A = det] =1

Consequently, for an orthonormal matrix A, detA = +1. Itis easy to check that orthonormal matrices
form a (noncommutative) group. Cauchy’s theorem implies that orthonormal matrices with detA = 1

constitute a subgroup of this group.

We shall show now that, for n = 2, 3, orthonormal matrices with detA = 1 represent (rigid body)

rotations.
Case: n = 2. Matrix representation of a rotation by angle 6 has the form
cosf siné
A= .
—sin@ cos
and it is easy to see that it is an orthonormal matrix with unit determinant. Conversely, let a;; satisfy

conditions (2.1). Identities

2 2 2 2
ajy +ajs, =land a3 +a3 =1
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imply that there exist angles 61,05 € [0, 27) such that
a11 =cosby, ajp =sinfy, ag; = —sinfy, ag = cosbs

But

a11a21 + a12a22 = sin(fy — 62) =0

and

a11G22 — @12G21 = cos(fy —02) =1
The two equations admit only one solution: 6; — 62 = 0.

Case: n = 3. Linear transformation represented by an orthonormal matrix preserves the length of
vectors (it is an isometry). Indeed,

[Az|* => (Y Ayz) (O Aikr)
j k

i
=3O AnAj)wim =Y Sz =Y aprg = ||z
i ki ik k

Consequently, the transformation maps unit ball into itself. By the Schauder Fixed Point Theorem (a
heavy but very convenient argument), there exists a vector x that is mapped into itself. Selecting a
system of coordinates in such a way that vector @ coincides with the third axis, we deduce that A has

the following representation
aip aiz 0
as agz 0
asy aszz 1

Orthogonality conditions (2.1) imply that az; = a32 = 0 and that a;;, ¢, j = 1, 2, is a two-dimensional
orthonormal matrix with unit determinant. Consequently, the transformation represents a rotation about

the axis spanned by the vector .

Exercise 2.1.4 Construct an example showing that the sum of two finite rotation “vectors” does not need to

lie in a plane generated by those vectors.

Use your textbook to verify that the composition of rotations represented by “vectors” (7,0, 0) and

(0, —m, 0) is represented with the “vector” (0,0, —).

Exercise 2.1.5 Let P*(£2) denote the set of all real- or complex-valued polynomials defined on a set  C
R"(C™) with degree less or equal to k. Show that P*(Q) with the standard operations for functions is

a vector space.

It is sufficient only to show that the set is closed with respect to the vector space operations. But this
is immediate: sum of two polynomials of degree < k is a polynomial with degree < k and, upon

multiplying a polynomial from 7% (£2) with a number, we obtain a polynomial from P*(Q) as well.

Exercise 2.1.6 Let G, (£2) denote the set of all polynomials of order greater or equal to k. Is G (£2) a vector
space? Why?
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No, it is not. The set is not closed with respect to function addition. Adding polynomial f(z) and

— f(z), we obtain a zero function, i.e., a polynomial of zero degree which is outside of the set.
Exercise 2.1.7 The extension f; in the definition of a function f from class C*(£2) need not be unique. The
boundary values of f;, however, do not depend upon a particular extension. Explain why.

By definition, function f; is continuous in the larger set ;. Let x € 92 € 3, and let Q2 > z,, — .
By continuity, fi(z) = lim, oo f1(2n) = lim, e f(z,) since f; = f in Q. The same argument

applies to the derivatives of f7.

Exercise 2.1.8 Show that C*(Q2), k =0, 1,..., 00, is a vector space.

It is sufficient to notice that all these sets are closed with respect to the function addition and multipli-

cation with a number.

2.2 Subspaces

2.3 Equivalence Relations and Quotient Spaces

Exercises

Exercise 2.3.1 Prove that the operations in the quotient space V/M are well defined, i.e., the equivalence

classes [ + y| and [a:x] do not depend upon the choice of elements x € [x] andy € [y].
Letx, € [x] =x+ M, y, € [y| =y + M, i = 1,2. We need to show that
Tty +M=x2+y, + M
Letzexy+y, +M,ie,z=x1+vy; +m, m € M. Then
z=xot+y,+ (1 —22)+ (Y1 —Y)) tmexT+y, + M

since each of vectors T1 — T2, Y; — Y4, ™M is an element of subspace M, and M is closed with respect

to the vector addition. By the same argument 2 +y, + M C 1 +y,; + M.

Similarly, let &; € [x] = ¢ + M, i = 1,2. We need to show that
axy + M =oaxs + M

This is equivalent to show that ax; — axs = «a(x1 — x2) is an element of subspace M. But this
follows from the fact that ;7 — 2 € M and that M is closed with respect to the multiplication by a

scalar.
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Exercise 2.3.2 Let M be a subspace of a real space V and Rj; the corresponding equivalence relation.

Together with three equivalence axioms (i) - (iii), relation R, satisfies two extra conditions:
(iv) xRy,uRv <& (x+u)R(y+v)
(v) xRy < (az)R(ay) Vae R

We say that Ry, is consistent with linear structure on V. Let R be an arbitrary relation satisfying
conditions (i)—(v), i.e., an equivalence relation consistent with linear structure on V. Show that there

exists a unique subspace M of V' such that R = Ry, i.e., R is generated by the subspace M.

Define M to be the equivalence class of zero vector, M = [0]. Axioms (iv) and (v) imply that M is
closed with respect to vector space operations and, therefore, is a vector subspace of V. Let y Rx. Since
xRz, axiom (v) implies —z R — @ and, by axiom (iv), (y — ) RO. By definition of M, (y —x) € M.
But this is equivalentto y €  + M = [x]g,,-

Exercise 2.3.3 Another way to see the difference between two equivalence relations discussed in Exam-

ple 2.3.3 is to discuss the equations of rigid body motions. For the sake of simplicity let us consider
the two-dimensional case.

(i) Prove that, under the assumption that the Jacobian of the deformation gradient F' is positive,

E(u) = 0if and only if u takes the form
Uy = ¢y + cosfxq +sinfxy — 21

Uy = Co — sin Bz + cos Oy — a9

where 6 € [0, 2) is the angle of rotation.
(i) Prove that ¢;;(u) = 0 if and only if w has the following form
Uy =c1 + QZQ

Ug = C2 —931‘1

One can see that for small values of angle 6 (cos 6 =~ 1,sin 6 =~ 6) the second set of equations can be
obtained by linearizing the first.

(i) Using the notation from Example 2.3.3, we need to show that the right Cauchy-Green tensor

— kK
C”fx)ixj

s,

= ¢;; if and only if

z!l = ¢1 4+ cos0X; + sin6X,

22 = ¢g — sin X7 + cos 0Xs

A direct computation shows that C;; = §;; for the (relative) configuration above. Conversely,

(1}1)2 + (1,21)2 =1
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implies that there exists an angle 67 such that

x}l = cos by, x?l =sin6,
Similarly,
(x5)? + (2%)? =1

implies that there exists an angle 65 such that
x}Q = —sinfs, x722 = cos By

Finally, condition

1,1 2.2 _
xhrytaizs =0

implies that sin(f; — 63) = 0. Restricting ourselves to angles in [0, 27), we see that either
01 = 65 + 7w or §; = 65. In the first case, sin; = — sin 65 and cos #; = — cos 65 which results
in a deformation gradient with negative Jacobian. Thus §; = 65 =: . A direct integration results
then in the final formula. Angle 6 is the angle of rotation, and integration constants ¢y, co are the

components of the rigid displacement.

(ii) Integrating u; ; = 0, we obtain

U =c1 + 91$2

Similarly, us 2 = 0 implies

Uy = cg — Ooxa

Finally, U2+ U2 1 = Oresultsin #; = 65 =: 6.

2.4 Linear Dependence and Independence, Hamel Basis, Dimension

Linear Transformations

2.5 Linear Transformations—The Fundamental Facts
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Exercises

Exercise 2.5.1 Find the matrix representation of rotation R about angle # in R? with respect to basis a; =
(130)7 az = (17 1)
Start by representing basis a1, as in terms of canonical basis e; = (1,0), ex = (0, 1),

a; = €] €1 = a;
=
az; =e€e;+e; e =az —a;

Then,
Ra, = Re; = cosfle; +sinfles = cosfay +sinf(az — ay) = (cos — sinf)ay + sinfesy
Similarly,
™ . m 7T . ™ . 7T
Ray = V2 cos(0+ 1)61 +V/2sin(f + Z)eg = V2(cos(0+ Z) —sin(6 + Z))al +/25sin(0 + Z)ag
or,

Ray = R(e; + e3) = (cosf —sinf)e; + (sinf + cosf)es = —2sinfaq + (sinb + cos0)as

Therefore, the matrix representation is:

(cos® —sinf)  +/2(cos(f + 1) —sin(0 + 7))

sin @ V2sin(0+ 7)
or, equivalently,
cosf —sinf —2sin6
sin 0 cos @ + sin @

Exercise 2.5.2 LetV = X @Y, and dimX = n, dimY = m. Prove that dimV = n + m.

Let eq,...,e, be a basis for X, and let gq,...,¢,, be a basis for Y. It is sufficient to show that
€1ly---y€ny915---,9m 1S a basis for V. Letv € V. Thenv = z +y withax € X,y € Y, and
T =)0 mien Y = ) Yi95, S0 v = Y, mie; + Y5 y;9; which proves the span condition. To prove

D aieit ) Bigi=0
i J
From the fact that X N'Y = {0} follows that

Zaiei = 0 and Zﬁjgj =0
i J

which in turn implies that oy = ... = o, = 0,and 51 = ... = B, = 0, since each of the two sets of

linear independence, assume that

vectors is separately linearly independent.
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2.6 Isomorphic Vector Spaces

2.7 More About Linear Transformations

Exercises

Exercise 2.7.1 Let V' be a vector space and idy the identity transformation on V. Prove that a linear trans-

formation T': V' — V is a projection if and only if idy, — 7" is a projection.
Assume T’ is a projection, i.e., T2 = T. Then
(idy = 7)* = (idy — T) (idy —T)
=idy —T-T+1T?
=idy -T-T+T

idy — T

The converse follows from the first step and 7' = idy — (idy — 7).

2.8 Linear Transformations and Matrices

2.9 Solvability of Linear Equations

Exercises

Exercise 2.9.1 Equivalent and Similar Matrices. Given matrices A and B, when nonsingular matrices P
and Q exist such that
B=P'AQ
we say that the matrices A and B are equivalent. If B = P~ AP, we say A and B are similar.

Let A and B be similar n X n matrices. Prove that det A = det B, r(A) = r(B), n(A) = n(B).
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The first assertion follows immediately from the Cauchy’s Theorem for Determinants. Indeed, PA =
BP implies
det P det A = det B det P

and, consequently, det A = det B.

Let A: X — X be a linear map. Recall that the rank of A equals the maximum number of linearly
independent vectors Ae; where ej, j = 1,...,nis an arbitrary basis in X. Let P : X — X be now an
isomorphism. Consider a basis e;,j = 1,...,n in space X. Then Pe; is another basis in X, and the
rank of A equals the maximum number of linearly independent vectors APe; which is also the rank
of AP. The Rank and Nullity Theorem implies then that nullity of AP equals nullity of A.

Similarly, nullity of A is the maximum number of linearly independent vectors e; such that Ae; = 0.
But

AEj =0 & P Aej =0
so the nullity of A is equal to the nullity of PA. The Rank and Nullity Theorem implies then that rank
of P A equals nullity of A.

Consequently, for similar transformations (matrices) rank and nullity are the same.

Exercise 2.9.2 Let T7 and 75 be two different linear transformations from an n-dimensional linear vector
space V into itself. Prove that 77 and 7% are represented relative to two different bases by the same
matrix if and only if there exists a nonsingular transformation @ on V such that T, = Q~'T1Q.

Let Tlg]- = ZZ T;;g; and The; = Zi T;je; where g;,e; are two bases in V. Define a nonsingular

transformation () mapping basis e; into basis g ;. Then
T1Qe; = ZTieri = QZTijei

which implies

Q 'TiQe; = ZTijei =The;

K2

Conversely, if Th = Q~'7,Q and Q maps basis e; into basis g, then matrix representation of 7> with

respect to e; equals the matrix representation of 77 with respect basis g ;.

Exercise 2.9.3 Let T be a linear transformation represented by the matrix

1-14
A:
0 32

relative to bases {a1, as} of R* and {by, by, b3} of R*>. Compute the matrix representing 7" relative to

the new bases:
o] = 401 — as ,81 = 2b1 —b2 +b3
ay= a1 +ay By= b —bs

B3 = by +2by
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We have
Tb1 = aj

Tby = —a; +3as
Tb3 = 4(11 +20,2

Inverting the formulas for a;, we get

1 1
a; = gal —|—3a2

1 4
as = —gal —|—5a2

‘We have now,
T8, =T(2b; — by + bs)

=2Tb; —Tby + Tbs
= 2&1 +a; — 3a2 + 4(11 + 20,2
= 70,1 — as

= 7(%0(1 + %012) — (—%Otl + %ag)

=2a;+ 2
Similarly,
T8, =Tby —Thbs
= *30,1 — 2(12
= *%al - %02
and

TBs =Tby + 2Tb,
= —a; + 6ay

__7T 23
=—zo1+ Fo

Thus, the matrix representation of transformation 7" wrt to new bases is

i

Exercise 2.9.4 Let A be an n X n matrix. Show that transformations which

ot otjoo

(SN
(V]

AR i

(a) interchange rows or columns of A
(b) multiply any row or column of A by a scalar # 0

(c) add any multiple of a row or column to a parallel row or column

produce a matrix with the same rank as A.

SOLUTION MANUAL
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Recall that j-th column represents value Ae;. All discussed operations on columns redefine the map

but do not change its range. Indeed,
span{Ae1, ..., Ae;,..., Ae;,..., Ae,} = span{de1,..., Ae;,..., Aej, ..., Ae,}
span{Ae1,..., A(ae;),..., Ae;,..., Ae,} = span{de1,..., Ae;,..., Aej, ..., Ae,}
span{Ae1,..., A(e; + Pe;j), ..., Aej,..., Ae,} = span{de1,..., Ae;,..., Aej,... Ae,}

The same conclusions apply to the rows of matrix A as they represent vectors A”e?, and rank AT =
rank A.

Exercise 2.9.5 Let {a;,a2} and {e1,ex} be two bases for R?, where a1 = (—-1,2),a2 = (0,3), and
er = (1,0),es = (0,1). Let T: R* — R* be given by T'(x,y) = (3z — 4y, + y). Find the matrices

for T" for each choice of basis and show that these matrices are similar.

Matrix representation of 7" in the canonical basis e, e is:
3 —4
T =

1 1

2 2

—1
a; = Zijek = e = ZPM e;
k=1 i=1

[ [

Linearity of map 7" implies the following relations.

‘We have

where

W= Wi
—_

Ta; = T(i Pjey,)
= ;ij Zmez
= ;ijZleZPh e

2 2 2
= (Z > PzilTuchk>

or, in the matrix form,
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which shows that matrices T" and T are similar. Finally, computing the products above, we get

e[ 1 (-5

Algebraic Duals

2.10 The Algebraic Dual Space, Dual Basis

Exercises

Exercise 2.10.1 Consider the canonical basis e; = (1,0), es = (0, 1) for R?. For & = (1, 22) € R?, x1, 72
are the components of = with respect to the canonical basis. The dual basis functional e returns the
j-th component:

e; c R% > (x1,22) > z; €R

Consider now a different basis for R?, say a; = (1,1), az = (—1,1). Write down the explicit formulas

for the dual basis.

We follow the same reasoning. Expanding @ in the new basis, © = {1a1 + §2a2, we apply aj to both

sides to learn that the dual basis functionals a} return the components with respect to basis a;,
2
a;f RS (1,22) 2 & ER

The whole issue is thus simply in computing the components &;. This is done by representing the
canonical basis vectors e; in terms of vectors a;,
— _1 1
a; —e;t+ep €] — ;a1 — 50a2
az = —e; + e ey = 3a1 + 50a2

Then,

T =161 + 2262 = 1(-01 —

1 1
5 —as) +x2(za1 + za) = 5(301 +x2)a; + 5(352 —z1)as

2 2 2

Therefore, £ = % (1 + x2) and & = % (z2 — x1) are the dual basis functionals.

Exercise 2.10.2 Let V be a finite-dimensional vector space, and V* denote its algebraic dual. Let e;,7 =
I,...,nbeabasisinV,and e}, j = 1,...,n denote its dual basis. What is the matrix representation
of the duality pairing with respect to these two bases? Does it depend upon whether we define the dual

space as linear or antilinear functionals?
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It follows from the definition of the dual basis that the matrix representation of the duality pairing is

the Kronecker’s delta §;;. This is true for both definitions of the dual space.

Exercise 2.10.3 Let V be a complex vector space. Let L(V, £') denote the space of linear functionals defined
on V, and let L(V, ©') denote the space of antilinear functionals defined on V. Define the (complex

conjugate) map C' as

C:LV.O)> f— FeLV,0), f) % F)

Show that operator C'is well defined, bijective, and antilinear. What is the inverse of C'?

Let f be a linear functional defined on V. Then,

flarvr + agua) = ay f(v1) + ag f(v2) = @ f(vy) + a2 f(v2)

SO f is antilinear. Similarly,

(a1fi +azf2)(v) = arfi(v) + azfa(v) = a1 fi(v) + a2 fa(v)

so the map C' is itself antilinear. Similarly, map

def

D: LV, 0)> f— feLV,O), flv)= f(v)

is well defined and antilinear. Notice that C' and D are defined on different space so you cannot say
that C' = D. Obviously, both compositions D o C and C o D are identities, so D is the inverse of C,

and both maps are bijective.

Exercise 2.10.4 Let V be a finite-dimensional vector space. Consider the map ¢ from V into its bidual space
V**, prescribing for each v € V the evaluation at v, and establishing the canonical isomorphism
between space V' and its bidual V**. Let e;,..., e, be a basis for V, and let e],..., e} be the
corresponding dual basis. Consider the bidual basis, i.e., the basis e]*,¢ = 1,...,n in the bidual

space, dual to the dual basis, and prove that

vei) = €;

This is simple. Definition of map ¢ implies that
<), [ >vexve=<f,0 >vexy
Thus,
0 =< 6:*,6; Sy e e and < L(ei),e; Spee e =< e;,ei Syexy=0j; = 0

The relation follows then form the uniqueness of the (bi)dual basis.
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2.11 Transpose of a Linear Transformation

Exercises

Exercise 2.11.1 The following is a “sanity check” of your understanding of concepts discussed in the last

two sections. Consider RZ.

(a)

(b)

(©)

Prove that a; = (1,0),as = (1,1) is a basis in R*.

It is sufficient to show linear independence. Any n linearly independent vectors in a n-dimensional
vector space provide a basis for the space. The vectors are clearly not collinear, so they are lin-
early independent. Formally, aya; + asas = (a1 + ag, a) = (0,0) implies ag = as = 0, so

the vectors are linearly independent.

Consider a functional f : R > R, f(x1,x2) = 221 4 3z2. Prove that the functional is linear,

and determine its components in the dual basis a7, a5.

Linearity is trivial. Dual basis functionals return components with respect to the original basis,
aj(§1a1 + &az) =§;
It is, therefore, sufficient to determine &1, &2. We have,
§1a1 +&ag = e + (e +e2) = (&1 + E2)er + e

sox; = &1 + &2 and x5 = &. Inverting, we get, £ = x1 — x2, €2 = x2. These are the dual basis

functionals. Consequently,
f(@1,22) = 221 + 322 = 2(&1 + &2) + 382 = 261 + 5& = (2a] + 5a3)(21, 72)
Using the argumentless notation,
f=2a] + baj

If you are not interested in the form of the dual basis functionals, you get compute the components
of f with respect to the dual basis faster. Assume ajaj + asas = f. Evaluating both sides at
T = a; we get,

(a1a] + aza3)(ar) = on = f(a1) = f(1,0) =2
Similarly, evaluating at x = ag, we get ag = 5.

Consider a linear map A : R? — R* whose matrix representation in basis ay, ag is

2]
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Compute the matrix representation of the transpose operator with respect to the dual basis.
Nothing to compute. Matrix representation of the transpose operator with respect to the dual basis

is equal of the transpose of the original matrix,
11
02

All five properties of the matrices are directly related to the properties of linear transformations dis-

Exercise 2.11.2 Prove Proposition 2.11.3.

cussed in Proposition 2.11.1 and Proposition 2.11.2. They can also be easily verified directly.
@
(A + BBij)" = adji+ BBji = a(Ay)" + B(8y)"
(i1)

n

n T n n
ZBilAlj> = By =Y AiBj =Y (An)"(By;)"
=1 =1 =1

=1
(i) (6;5)7 = 6;; = 0yj.
(iv) Follow the reasoning for linear transformations:
AAT =T = A HTAT=1"=1
A'A=T = ATAYHY'=I1"=1
Consequently, matrix A is invertible, and (A”)~1 = (A~

(v) Conclude this from Proposition 2.11.2. Given a matrix A;;, ij,= 1,...,n, we can interpret it as

the matrix representation of map A : R" — R" defined as:
n
Yy = Ax  where Y = ZAij.’I?j
j=1

with respect to the canonical basis e;, ¢ = 1,...,n. The transpose matrix AT can then be
interpreted as the matrix of the transpose transformation:

AT . ( n)* - ( n)*
The conclusion follows then from the facts that rank A = rank A, rank A7 = rank AT, and
Proposition 2.11.2.

Exercise 2.11.3 Construct an example of square matrices A and B such that

(a) AB # BA

Then

11 21
AB:[12] and BA = LJ
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(b) AB = 0, but neither A =0nor B=0
10 00
a=loe] &= o]
(c) AB=AC,butB #C
Take A, B from (b) and C = 0.

Exercise 2.11.4 If A = [A;;] is an m x n rectangular matrix and its transpose A” is the n x m matrix,
Al . =[Aji]. Prove that
i (AT = A.
T T
((Aij)")" = (4;0)" = Ay

(i) (A+ B)T = A" + BT,
Particular case of Proposition 2.11.3().

(i) (ABC---XY2Z)T =ZzTy"x"...cTBT A",
Use Proposition 2.11.3(ii) and recursion,

(ABC...XYZ)" =(BC...XYZ)T A"
=(C...XYz)'BT AT

=zT'yTxT .. . cTBTAT

(iv) (¢A)" =qA".
Particular case of Proposition 2.11.3(i).
Exercise 2.11.5 In this exercise, we develop a classical formula for the inverse of a square matrix. Let

A = [a;;] be a matrix of order n. We define the cofactor A;; of the element a;; of the i-th column of

A as the determinant of the matrix obtained by deleting the i-th row and j-th column of A, multiplied

itj.
by (—1)**7:
ail @12 v G15-1 Q1541 0 Qi
def idj | Qi—1,1 @i—1,2 " 0 Gi—1,j—1 Qi—1j4+1 " Qi—1
A;j = cofactor a;; = (—1)"7 | T imhy—1 M=l e
Ai41,1 Gi41,2 *°° Gi41,5—1 Q41,541 " Ailn
an1 an2 0 Qpj—1 Gpg4+1 o0 Ann

(a) Show that

n
(SijdetA:ZaikAjk;, 1§Z7j§n
k=1
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where d;; is the Kronecker delta.

Hint: Compare Exercise 2.13.4.

For ¢ = j, the formula reduces to the Laplace Expansion Formula for determinants discussed in
Exercise 2.13.4. For ¢ # j, the right-hand side represents the Laplace expansion of the determi-
nant of an array where two rows are identical. Antilinearity of determinant (comp. Section 2.13)
implies then that the value must be zero.

(b) Using the result in (a), conclude that
1
-1

=—[4;]"
det A[ il
Divide both sides by det A.
(c) Use (b) to compute the inverse of
1 22
A=|1-10
2 13

and verify your answer by showing that

A'A=AA"1=T

4 2
1 3-3
12
Al=| 1 53
—-1-1 1
Exercise 2.11.6 Consider the matrices
—14
A= |10 s 0|, o=, -1,4,-3
2-130
01
and
10 23
2 —-14 01
D_[?)]’ E= 10 24
01-12

If possible, compute the following:

(@ AAT +4DTD + ET
The expression is ill-defined, AA” € Matr(2,2) and ET € Matr(4,4), so the two matrices

cannot be added to each other.

b)) ¢cTCc + E — E*

—1 -4 3-17
=T-12-1 1
—2 -8 16 —27

-1 -2-9 10
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() BTD
I11-defined, mismatched dimensions.

(d B"TBD - D

1276
| 36
(e) EC — ATA
EC is not computable.
() ATDC(E - 2I)
32 —40 40 144
—12 15 —-15 -H4

68 —85 85 306
8§ —-10 10 36

Exercise 2.11.7 Do the following vectors provide a basis for R*?

a=(1,0,-1,1), b=(0,1,0,22)
c= (373a _379)7 d= (0,0,0,1)

It is sufficient to check linear independence,
aa+ Pb+yc+dd=0 = a=p=v=6=0
Computing
aa+ fb+ve+dd=(a+3y,8+3y,—a—3y,a+ 228+ 9y + )

we arrive at the homogeneous system of equations

10 30
01 30
-1 0-30
122 91

2 R
cooo

The system has a nontrivial solution iff the matrix is singular, i.e., det A = 0. By inspection, the third
row equals minus the first one, so the determinant is zero. Vectors a, b, ¢, d are linearly dependent and,

therefore, do not provide a basis for R*.

Exercise 2.11.8 Evaluate the determinant of the matrix

1-10 4
1 02 1
4 71-1
1 01 2
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Use e.g. the Laplace expansion with respect to the last row and Sarrus’ formulas,

1-10 4

~10 4 10 4 -1-10
Lll g?_} =—(-1)] 02 1|—-1]12 1|+2|1 0 2
L 01 o 71-1 41-1 4 71

=2-56+1—(—24+4-32-1)+2(-8—14+1) =53 — (—31) —42 = —64

Exercise 2.11.9 Invert the following matrices (see Exercise 2.11.5).

1921
A:[}_H, B=242
122
4 2

21 2 0

ato| 0 B |-E B3

| .. _
3 3 0_% 1

Exercise 2.11.10 Prove that if A is symmetric and nonsingular, so is A"

Use Proposition 2.11.3(iv).
(A—l)T _ (AT)—I _ A—l

Exercise 2.11.11 Prove that if A, B, C, and D are nonsingular matrices of the same order then

(ABCD)'=D'Cc'B'A™!

Use the fact that matrix product is associative,
(ABCD)(D'Cc'B'A™Y)=ABCc(DD HCc'B'A™!
=ABCIC 'B'A™'=...=1
In the same way,
(D'C'B'A Y (ABCD) =1
So,(ABCD)'=D'C'B'A™".
Exercise 2.11.12 Consider the linear problem
01 3-2 1
T=|21-4 3|, y=15
23 2-1 7

(i) Determine the rank of T .
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Multiplication of columns (rows) with non-zero factor, addition of columns (rows), and inter-

change of columns (rows), do not change the rank of a matrix. We may use those operations and

mimic Gaussian elimination to compute the rank of matrices.

rank

= rank

= rank

= rank

= rank

= rank

= rank

=2

01 3-2]
21-4 3
23 2 1]
[1 3-20]
1-4 32
13 2-12]
[1 3 —-20]
1-4 32
2 1 2
|1 5 -353]
[1 3—-20]
0-7 52
7 5 2
10—35 53]
1 000
0-752
7 2
[0-333
10 0 0
5 2
01-7 -7
00 0 0
(1000
0100
10000

switch columns 1 and 4

divide row 3 by 3

subtract row 1 from rows 2 and 3

manipulate the same way columns to zero out the first row

(i) Determine the null space of T'.

Set x3 = « and x4 = B and solve for x1, x5 to obtain

N(T) = {(5a— 28,30+ 28,0.8)" : 0,6 <R)

(iii) Obtain a particular solution and the general solution.

Check that the rank of the augmented matrix is also equal 2. Set z3 = z4 = 0 to obtain a

particular solution

The general solution is then

x=(2,1,0,0)7

7 5
w:@+fa—§&1—&HJ&aﬁF,mB€R

2

(iv) Determine the range space of T'.

As rank T' = 2, we know that the range of 7" is two-dimensional. It is sufficient thus to find two

linearly independent vectors that are in the range, e.g. we can take T'eq, T'es represented by the

first two columns of the matrix,

R(T) = span{(0,2,2)", (1,1,3)"}
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Exercise 2.11.13 Construct examples of linear systems of equations having (1) no solutions, (2) infinitely

many solutions, (3) if possible, unique solutions for the following cases:

(a) 3 equations, 4 unknowns

)]

[1000] 0
T=|1000 y=|1
0111 1 0]
2) _ } .
1111 0
T=|1111 y=10
[ 1111 1 0]
(3) Unique solution is not possible.
(b) 3 equations, 3 unknowns
ey ) ) o
100
T=1]100 y=|1
011 10 ]
2) ) ) o
100 1
T=1,200 y= |2
| 111] | 1]
3) ) ) o
100 1
T=1]010 y=|1
1001 | |1

Exercise 2.11.14 Determine the rank of the following matrices:

(2)} ;‘I 121344 2-11
T=|,y ¢ g|+ T2=|203215], T3=|2 01
1410 111213 0 11

In all three cases, the rank is equal 3.

Exercise 2.11.15 Solve, if possible, the following systems:
(a)
41 + 3x3 — x4 + 225 = 2
TN — X9+ T3 —x4+ T5=1

1+ X9+ T3 —x4+ x5=1

111—|—2I2—|— T3 —|— I5:O
t+3
0
r=|-2t-3|, teR
-1

t
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(b)
— 4x1 — 8x9 + bxz =

2(E1 — 2%2 + 3$3 =2
501 4+ x99 4+ 2x3 =4

m{w 47 3r
1207 120’ 10
(©
2x1 + 310 + 4x3 + 324 =0
r1 + 229 + 3x3 + 224 =0
T1+ 29+ 3+ 24=0

2.12 Tensor Products, Covariant and Contravariant Tensors

2.13 Elements of Multilinear Algebra

Exercises

Exercise 2.13.1 Let X be a finite-dimensional space of dimension n. Prove that the dimension of the space

M3 (X) of all m-linear symmetric functionals defined on X is given by the formula

. s nn+1)...n+m-—1 n+m—1)! n+m-—1
dim My, (X) = ( 1?2~.(..-m ):(m!(n—l)? :< +m >

Proceed along the following steps.
(a) Let P; ,, denote the number of increasing sequences of m natural numbers ending with 4,
1<a1<as <. <ay, =1

Argue that
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Let a be a general m-linear functional defined on X. Let ey,...,e, be a basis for X, and let
vJ,j =1,...,n, denote components of a vector v with respect to the basis. The multilinearity of

(b)

(©)

a implies the representation formula,

n n n
— . . . J1,,J2 J
a(vy,...,vm) = g E g alej,, €y, .y€5, ) vitvy’ .. uln
Jj1=172=1 Jm=1

On the other side, if the form a is symmetric, we can interchange any two arguments in the coeffi-
cienta(ej, , €, - - ., €;,, ) without changing the value. The form is thus determined by coefficients

alej,, €y, - -, €j,,) Where

The number of such increasing sequences equals the dimension of space M3, (X). Obviously, we
can partition the set of such sequences into subsets that contain sequences ending at particular

indices 1, 2, ..., n, from which the identity above follows.

Argue that
Pi,m+1 = Z Pj,m
j=1

The first m elements of an increasing sequence of m + 1 integers ending at ¢, form an increasing

sequence of m integers ending at j < i.

Use the identity above and mathematical induction to prove that

i+ 1) (14 m—2)
Pim = (m—1)!

Form =1, P;; = 1. Form = 2,
Pp=>Y 1=i
j=1

For m = 3,

(41
Pi,3:ZJ: (2
j=1

Assume the formula is true for a particular m. Then

J(y ]+m72)
zm+1*Z 1)

We shall use induction in ¢ to prove that

jj+1 (g+m—=2) i(i+1)...(i+m—1)
Z —1)! N m!
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The case ¢ = 1 is obvious. Suppose the formula is true for a particular value of ¢. Then,

G+ .G +m—2) JG+1) . G+m=2) (i+1)(i+2)...(i+m—1)
jz::l m—1)! Z (m —1)! + m —1)!
(z+1) (z+m—1) mE+1)(E+2)...(i+m—1)
B m! m!
_(i—|—1)(z—|—2)...(z+m—1)(i+m)
m!
G+1)6E+2)...0+m-1(@GE+1)+m—-1)

m!

(d) Conclude the final formula.

Just use the formula above.

Exercise 2.13.2 Prove that any bilinear functional can be decomposed into a unique way into the sum of a

symmetric functional and an antisymmetric functional. In other words,
M(V) = M35 (V) © M5 (V)

Does this result hold for a general m-linear functional with m > 2 ?

The result follows from the simple decomposition,
1 1
CL(’U,, U) = i(a(uﬂ}) + CL(U,U)) + i(a(uﬂ}) - CL(U,U))

Unfortunately, it does not generalize to m > 2. This can for instance be seen from the simple compar-

ison of dimensions of the involved spaces in the finite-dimensional case,
s <n—|—m—1) " (n)
m m

Exercise 2.13.3 Antisymmetric linear functionals are a great tool to check for linear independence of vectors.

for2 <m <n.

Let a be an m-linear antisymmetric functional defined on a vector space V. Let vy,...,v,, be m
vectors in space V' such that a(vy, . .., v,,) # 0. Prove that vectors vy, . . . , v, are linearly independent.
Is the converse true? In other words, if vectors vy, . . ., v, are linearly independent, and a is a nontrivial

m-linear antisymmetric form, is a(vy, . .., vy ) # 0?
Assume in contrary that there exists an index ¢ such that
v = Z ﬁjvj
J#i
for some constants 3;, j # 4. Substituting into the functional a, we get,

a(v1, ..., Vi, Up) = a(v,. .. Zﬂjvj,...,vm):ZBja(vl,...,vj,...,vm):0
J#i J#i
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since in each of the terms a(vy, ..., v;,. .., Uy ), tWo arguments are the same.

The converse is not true. Consider for instance a bilinear, antisymmetric form defined on a three-
dimensional space. Let e;, e2, e3 be a basis for the space. As discussed in the text, the form is uniquely
determined by its values on pairs of basis vectors: a(eq, e2),a(er, es), a(eq, eg). It is sufficient for one
of these numbers to be non-zero in order to have a nontrivial form. Thus we may have a(ej,e3) = 0
for the linearly independent vectors e, e2, and a nontrivial form a. The discussed criterion is only a

sufficient condition for the linear independence but not necessary.

Exercise 2.13.4 Use the fact that the determinant of matrix A is a multilinear antisymmetric functional of
matrix columns and rows to prove the Laplace Expansion Formula. Select a particular column of
matrix A;;, say the j-th column. Let A" denote the submatrix of A obtained by removing i-th row

and j-th column (do not confuse it with a matrix representation). Prove that
n
det A = (—1)"" A;; det AV
i=1

Formulate and prove an analogous expansion formula with respect to an ¢-th row.

It follows from the linearity of the determinant with respect to the j-th column that,

CAyy . Lol L0
det | : @ | =Aydet| i | 4.+ Aydet| oo
Ay . 0L Lol

On the other side, the determinant of matrix,

(7)
0

[a—y

(1) :
. 0
is a multilinear functional of the remaining columns (and rows) and, for A% = I (The I denote here

the identity matrix in R" '), its value reduces to (—1)**7. Hence,

det = (—1)"*7 det AT

(4)

—~
O = O%.
=

The reasoning follows identical lines for the expansion with respect to the ¢-th column.

Exercise 2.13.5 Prove the Kramer’s formulas for the solution of a nonsingular system of n equations with n

unknowns,
a1 ... AQin X b1

anl - .- Qnn Ty by,
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Hint: In order to develop the formula for the j-th unknown, rewrite the system in the form:

ai1 ... Qin 11‘10 all...bl...aln

Apl -« Gpp 0...2p ... 1 Apl - bp ... Apn
) )

Compute the determinant of both sides of the identity, and use Cauchy’s Theorem for Determinants for
the left-hand side.

Exercise 2.13.6 Explain why the rank of a (not necessarily square) matrix is equal to the maximum size of a

square submatrix with a non-zero determinant.

Consider an m x n matrix A;;. The matrix can be considered to be a representation of a linear map A
from an n-dimensional space X with a basis e;,7 = 1,...,n, into an m-dimensional space Y with a
basis g1, . . . , gm. The transpose of the matrix represents the transpose operator A” mapping dual space
Y™ into the dual space X *, with respect to the dual bases ¢7,..., gy, and e}, ..., e". The rank of the
matrix is equal to the dimension of the range space of operator A and operator A”. Let €j,,.--,€j, be
such vectors that Ae; , ..., Aej, is the basis for the range of operator A. The corresponding submatrix
represents a restriction B of operator A to a subspace X, = span(e;, , ..., e;, ) and has the same rank
as the original whole matrix. Its transpose has the same rank equal to k. By the same argument, there
exist k vectors g;, , ..., g, such that AT 72 AT g;, are linearly independent. The corresponding
k x k submatrix represents the restriction of the transpose operator to the k-dimensional subspace
Yy = span(g;,,...,g; ), with values in the dual space X{, and has the same rank equal k. Thus,
the final submatrix represents an isomorphism from a k-dimensional space into a k-dimensional space

and, consequently, must have a non-zero determinant.

Conversely, let v, ..., v,, be k column vectors in R™. Consider a matrix composed of the columns.
If there exists a square submatrix of the matrix with a non-zero determinant, the vectors must be
linearly independent. Indeed, the determinant of any square submatrix of the matrix represents a k-
linear, antisymmetric functional of the column vectors, so, by Exercise 2.13.3, vy, ..., vy are linearly

independent vectors. The same argument applies to the rows of the matrix.
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Euclidean Spaces

2.14 Scalar (Inner) Product. Representation Theorem in Finite-Dimensional Spaces

2.15 Basis and Cobasis. Adjoint of a Transformation. Contra- and Covariant Com-
ponents of Tensors

Exercises

Exercise 2.15.1 Go back to Exercise 2.11.1 and consider the following product in R?,
RQ XRQ 3 (iﬂ,y) - (CU»ZJ)V =21Y1 + 21’23/2
Prove that (z,y)y satisfies the axioms for an inner product. Determine the adjoint of map A from

Exercise 2.11.1 with respect to this inner product.

The product is bilinear, symmetric and positive definite, since (z, z)y = x?+223 > 0, and 27 + 223 =
0 implies z; = x2 = 0. The easiest way to determine a matrix representation of A* is to determine the
cobasis of the (canonical) basis used to define the map A. Assume that a' = («, 3). Then

(a1,a') =a=1

(ag,a')=a+28=0 = p=-—

=

soa® = (1,—3). Similarly, if a®> = (c, 3) then,

(a1,a’) =a =0

(az,a*) =a+28=1 = p=3
so a’ = (0, %) The matrix representation of A* in the cobasis is simply the transpose of the original

(02)

In order to represent A* in the original, canonical basis, we need to switch in between the bases.

matrix,

al = 1—%62 e1 = a' + a?
a

e
2 %62 ey = 2a>
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Then,
A*y = A*(y1e1 + yze2) = A*(y1(a! + a®) + y220®) = A*(yra' + (y1 + 2y2)a?)
=y A*a' + (y1 + 2y2)A*a® = yra' + (1 + 2y2) (a' + 207)

1

=yi(er — 2e2) + (Y1 + 2y2)(e1 + Fe2) = 2(y1 + y2)er — y1€2

= (2(y1 +¥2),y2)
Now, let us check our calculations. First, let us compute the original map (that has been given to us in
basis ay, az), in the canonical basis,
A(x1,m9) = A(z161 + 22€9) = A(z101 + 22(03 — A1)
= A((z1 — ®2)ay + x2a2) = (1 — x2)(a1 + a2) + x22a9
= (21 — 22)(2e1 + e3) + 2xa(e1 + €2)

= (221,21 + x2)

If our calculations are correct then,
(Az,y)y = 2z191 + 2(21 + T2)y2

must match

(I7A*y)v = $12(y1 + y2) + 2(172y2

which it does! Needless to say, you can solve this problem in many other ways.
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