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Chapter 2

2.1 What are the dimensions of the correlation function R, and the spectral density S, if the random function X(t)
is

(A) Displacement (in.)
(B) Acceleration (in./sec?)
(C) Force (Ib.)

(D) Stress (psi)

Solution
_ 1 T _ 1 * (s 2 _ l *© ot 2

R, (r) = [ X(Ox(t+r)de (@)= =X (i0) _E‘LXT (t)e dt‘
Part Function R, (1) S, (o)

A Displacement (in.) in.? in.? —sec

B Acceleration (in./sec®) in.2 /sec* in.2 /sec®

C Force (Ib.) Ib.? Ib.2 —sec

D Stress (psi) Ib.2/in.* Ib.2 —sec/in.*

2.2. What are the dimensions of the probability function F, and the probability density function f, if the random
function X(t) is

(A) Displacement (in.)
(B) Acceleration (in./sec?)
(C) Force (Ib.)

(D) Stress (psi)

Solution

0 1 2 2
Fo=] f(dx = O

Part Function F f
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A Displacement (in.) Dimensionless 1/in
B Acceleration (in./sec’®) | Dimensionless sec’/in.
C Force (Ib.) Dimensionless 1/lbs.
D Stress (psi) Dimensionless in.2/Ibs

2.3. Define a stationary random process.
Solution

A stationary random process is defined by the correlations function of a random variable being constant regardless
of the time at which it is evaluated, so long as the period over which each evaluation is taken is unchanged in
duration.

2.4. Consider a stationary ergodic process X(t) ; express E[X] , E[X 2], and R, (r) as the time averages.

Solution

For a stationary ergodic process X (t) we have in terms of time averages

1T
E[X(1)] :!'ﬂlﬁL x(t)dt

2 TR LA
E[X (t)]_TILr?oQT I—TX (D)t

R, (r)=E[X()X (t+7)] :m%ﬂ X()x(t +7)dt

2.5. Prove the relations between the spectral density S(w) and the correlation function R(7):

R(r)==[" S(wf“dw

2 I

S (a)) = J.:) R (r)e’i“”dr


https://testbanks.ac/product/9781498765947-SOLUTIONS-5/

[CLI cK HERE TO ACCESS THE COMPLETE Sol uti ong

Solution

RX(1)=E[X(t)X(tw)]:@%ﬁx(t)x(t+f)dt

[ R(r)de= % [ e de|” x(tyx(t+r)dt = %J.L:drj.z X(EX(t+7)e el dt
_ 1 (= iot @ —i(t+7)
_E_Lox(t)e dtLox(t+r)e dr

Since X *(i0) = [ x(t)e'dt and X *(-iw)=[  x(t+r)e " dr

[ R(z)e " dr _ L (i) X * (i)
o 2T
Take the limit of both sidesas T — o

- @ —iwr _ L 1 i 2 i
lim| R(r)e dr—!mE|X*(lw)| X*(-iw)

T—o0d—0

["limR(z )" dr = S(w)

-0 T>w

S(w) = f; R(r)e " dr

Thus, S(w)= ~ {R(r)} and R(zr)= ~ *{S(w)}

1 * ior
R(z) :ELOS (w)e dew

2.6. Assuming that the input-output relation is y(t) = J‘l $(t—A)x(1)d 1 . Show that

R,(0)=["[ (AR, (r+A-n)dadn and S, (w)=|p*(o)S, (o)

Solution

Given y(t) we know that the correlation function is

R, (7) :m%j; y(©)y(t+7)dt :m%ﬂ dtj: x(t—z,)¢(z,)d/1j: X(t+7 —n)p(n)dn

where
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y(O) =] pt-2x()da =" xt-2p)dAr=[" x(t-2)pp(2)d2

y(t+r) = x(trr-2pmdn = [ x(t+r-n)p@n)dn
R, (7)=lim [ d2[ " dng(gtn) [ xt-xte+e ek

lim—= [ x(t-1 Adt =R (r+4
TmELx(t— X(t+7-2)dt =R, (r+1-7)

t-A=t and t+r-A=1t, so t,-t=7t+4A-n

therefore

R,(7)= jijigb(/l)q&(n)Rx (r+A-n)dadny

S@=[ R de=]"[" [" (AR, (x+A-n)e ™ dpdads
=" de[ daf” dne™ $(2p(nR, (v +A-n)
= [ de[” daf dneetre M E G (2P ()R, (v +A-n)e
=["p(m)e ™ dn[” p(2)e*da[ R, (z+2-n)e " Adr

=¢*(0)¢*(-10)S, (v)

therefore

S, (a)) = |q§*(ico)|2 S, (a))

2.7. Derive the expression for the average number of crossings of the value X =« assuming that the joint
distribution function f («, 8) of X(t)and Xg(t) is

(A) two-dimensional normal
(B) arbitrary

Solution

(@ The joint distribution function f (a, ) of X(t)and X4t) is given by
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|, 8
f(a,ﬂ) _ 1 e [203 2c§}
27C,C,

where C/=E[X*] and C;=E[*&]

The probability that o < X <a+da and B < X< pg+dp is f(a,B)dadp . The duration of the passage

from a to a+dais da /|B| . Thus the passages form o t0 a +da at a velocity S per unit time is

f (o, p)dadp |B| (e, f)dadp
da B da
18|

={|B| f(a. B)d B}

The passages from o to « +da at any rate is equal to the sum of the passages at each value of 3, or

e, 8
N, =J:|ﬁ|f(a,ﬁ)dﬁ=ij“ﬂe e

)
271+ C,C, as

2.8. The spectral density of the loading (input) is given in the form shown in Figure 2.29

-'I—'_‘—I'l

-101 -100 m  1m @, sec

Figure 2.29Loading input

Find the spectral density’s of the outputs (displacement, bending moment, etc.) of the systems described in
problem 1(a) of Chapter 1.
Solution

From Problem 3(a) of Chapter 1 we know that

1 . 1
U*: _— or * w)=———
[115,200—1.3@2} 9*(i0) 115,200 -1.30°
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S, =l¢*(io)[’s,

At » =100
1

> =9.785x10"° ~9.8x10°°
115,200 —1.3(100)

$*(i100) =

|¢*(i100) =(9.8x10°)" ~9.6x10™ 50 S, =(9.6x10%)s,

06=10
+

101 -100 100 101 p—

Also, the mean square value of u(x,t) is

PIE 1 00 1 (10 1
E(u )—Ej_wsx(a))da) _Zj—wl (1)da)+g.|'mo MOdw ==

2.9. A random function X (t) has its spectral density as in Problem 2.8. Find the mean square value of X(t) . Find
the average number of crossings of the values x=0, x=1,and x=10.

Solution
From Problem 8 we have
E’) =+
T

For x=0

1/2

wa)ZSx(w)dw
N, _1 —IO — :l‘/lo’ooo _100 rad/sec
Vs J‘O S, (w)do bia 1 bid

For x=1
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aZ

N, = Noefﬁ where C/ =E(u?) _1
T

N, = 100 rapre _100 w2 e
T T
For x=10
N, = 100 ¢ worre L 100 g sor oo

T T
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